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In the framework of gauge invariant Stueckelberg approach, totally symmetric arbitrary spin shadow fields 
in flat space-time of dimension greater than or equal to four are studied. Gauge invariant two-point vertices 
for such shadow fields are obtained. We demonstrate that, in Stueckelberg gauge frame, these gauge invariant 
vertices become the standard two-point vertices of CFT. Light-cone gauge two-point vertices of the shadow 
fields are also obtained. AdS/CFT correspondence for the shadow fields and the non-normalizable solutions of 
free massless totally symmetric arbitrary spin AdS fields is studied. AdS fields are considered in a modified de 
Donder gauge and this simplifies considerably the study of AdS/CFT correspondence. We demonstrate that the 
bulk action, when it is evaluated on solution of the Dirichlet problem, leads to the two-point gauge invariant 
vertex of shadow field. Also we shown that the bulk action evaluated on solution of the Dirichlet problem leads 
to new description of conformal fields. The new description involves Stueckelberg gauge symmetries and gives 
simple higher-derivative Lagrangian for the conformal arbitrary spin field. In the Stueckelberg gauge frame, our 
Lagrangian becomes the standard Lagrangian of conformal field. Light-cone gauge Lagrangian of the arbitrary 
spin conformal field is also obtained. 

PACS numbers: 11.25.Tq, 11.40.Dw, 11.15.Kc 



I. INTRODUCTION 



The present paper is a sequel to our paper ^ where gauge 
invariant approach to CFT was developed. Brief review of 
our results in Ref.|[l| niay be found in Sec. Ill Dl in this pa- 
per. In space-time of dimension d > 4, fields of CFT can 
be separated into two groups: conformal currents and shadow 
fields. This is to say that field having Lorentz algebra spin 
s and conformal dimension A = s + c? — 2, is referred to 
as conformal current with canonical dimension,' while field 
having Lorentz algebra spin s and dual conformal dimension 
A = 2 — s is referred to as shadow field. ^ We remind that in 
the framework of AdS/ CFT coiTespondence f^, the confor- 
mal currents and shadow fields manifest themselves in two 
related ways at least. First, the conformal currents appear 
as boundary values of normalazible solutions of equations of 
motion for bulk fields of AdS supergravity theories, while the 
shadow fields appear as boundary values of non-no rmalazible 
solutions of equations of motion for bulk fields of AdS super- 



*Electronic address: metsaev@Ipi.ru 

' We note that conformal currents with s = l,A = d— 1 and s = 2, A = 
d, correspond to conserved vector cun'ent and conserved traceless rank-2 
tensor field (energy-momentum tensor) respectively. Conserved conformal 
currents can be built from massless scalar, spinor and spin-1 fields (see e.g. 
(^). Discussion of higher-spin conformal conserved charges bilinear in id 
massless fields of ai'bitrary spins may be found in 1 3]. 

^ It is the shadow fields that ai'e used to discuss conformal invariant equa- 
tions of motion and Lagrangian formulations (see e.g. Refs. r4]-| 7]). Dis- 
cussion of equations for mixed-symmetry conformal fields with discrete A 
may be found in [^. 



gravity theories (see e.g. Iioll -1 141^1. Second, the conformal 
currents, which are dual to string theory states, can be built in 
terms of fields of supersymmetric Yang-Mills (SYM) theory. 
In view of these relations to suprgravity/superstring in AdS 
background and SYM theory we think that various alternative 
formulations of the conformal currents and shadow fields will 
be useful to understand string/gauge theory dualities better. 

In our approach, starting with the field content of the stan- 
dard formulation of currents (and shadow fields), we intro- 
duce additional field degrees of freedom (D.o.F), i.e., we ex- 
tend space of fields entering the standard conformal field the- 
ory. We note that these additional field D.o.F are similar to 
the ones used in the gauge invariant Stueckelberg formulation 
of massive fields. Therefore such additional field D.o.F are re- 
ferred to as Stueckelberg fields. As is well known, the Stueck- 
elberg approach turned out be successful for study of theories 
involving massive fields. This is to say that all covariant for- 
mulations of string theories are realized by using Stueckel- 
berg gauge symmetries. Therefore we expect that use of the 
Stueckelberg fields in CFT might be useful for the study of 
various aspects of AdS/CFT dualities. 

In this paper we develop further our approach initiated in 
Ref.lH. As in Ref.yj, we discuss bosonic arbitrary spin con- 
formal currents and shadow fields in space-time of dimension 
d> A. Our results in this paper can be summarized as follows. 

i) Using shadow field gauge symmetries found in Ref.jil, 
we obtain the two-point gauge invariant vertex for the arbi- 



^ In earlier literature, discussion of shadow field dualities may be found in 

Slil. 
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trary spin-s shadow field. Imposing some gauge condition, 
which we refer to as Stueckelberg gauge, we demonstrate that 
our vertex is reduced to the two-point vertex appearing in the 
standard approach to CFT. Imposing light-cone gauge on the 
shadow field, we obtain light-cone gauge fixed two-point ver- 
tex. As usually, a kernel of our shadow field vertex gives a 
correlation function of the conformal current. 

ii) We study AdS/CFT correspondence for massless ar- 
bitrary spin-s AdS field and boundary spin-s shadow field. 
Namely, using the modified de Bonder gauge condition for 
AdS field, we demonstrate that the two-point gauge invariant 
vertex of the shadow field does indeed emerge from mass- 
less AdS field action when it is evaluated on solution of the 
Dirichlet problem. AdS field action evaluated on solution of 
the Dirichlet problem will be referred to as effective action 
in this paper. We show that use of the modified de Donder 
gauge provides considerable simplification when computing 
the effective action. 

iii) We show that the effective action of AdS massless 
field leads to new interesting description of conformal field. 
As compared to the standard approaches to conformal fields 

, our approach involves additional field D.o.F. and the 
respective additional gauge symmetries which are realized as 
the Stueckelberg gauge symmetries. We obtain very sim- 
ple higher-derivative Lagrangian for conformal arbitrary spin 
field. Using the Stueckelberg gauge frame, we demonstrate 
that our Lagrangian is reduced to the standard Lagrangian of 
the conformal field. We also obtain light-cone gauge fixed 
Lagrangian of the conformal field. 

The rest of the paper is organized as follows. 

In Sec. |II] we summarize the notation used in this paper 
and review the standard approach to the conformal currents 
and shadow fields. Also we briefly review the gauge invariant 
approach developed in Ref . 1 1 ] . 

In Sec. Hn] we start with the examples of low-spin, s = 1, 2, 
shadow fields. For these shadow fields, we obtain the gauge 
invariant two-point vertices. Using the Stueckelberg gauge 
frame, we show how our gauge invariant vertices are related 
to the vertices appearing in the standard approach to CFT. 
Light-cone gauge fixed vertices are also obtained. 

Section |IV] is devoted to the study of the two-point vertex 
for the arbitrary spin-s shadow field. In this section, we gen- 
eralize results obtained in Sec. |III]to the case of the arbitrary 
spin shadow field. 

In Sec. |V] we study AdS/CFT correspondence for low- 
spin AdS massless fields and boundary shadow fields. One of 
remarkable features of the modified de Donder gauge is that 
the computation of the effective action for massless arbitrary 
spin-s, s > 1, AdS field subject to the modified de Donder 
gauge is similar to the computation of the effective action for 
a massive scalar AdS field. Therefore we begin with brief 



review of the computation of the effective action for the mas- 
sive scalar field. After that we proceed with the discussion 
of the effective actions for the massless spin s = 1,2, AdS 
fields. We demonstrate that these effective actions coincide 
with the respective gauge invariant two-point vertices for the 
spin s = 1, 2 shadow fields. 

SectionlVjis devoted to the study of AdS/CFT correspon- 
dence for massless arbitrary spin-s AdS field and boundary 
arbitrary spin-s shadow field. In this section we generalize 
results obtained in Sec. |V]to the case of arbitrary spin fields. 

In Sec. IVIII we deal with conformal fields. We start with 
the examples of low-spin, s = 1,2, conformal fields. For 
these fields, we discuss our new Lagrangian and show how 
this Lagrangian, taken in the Stueckelberg gauge frame, is re- 
duced to the standard Lagrangian. Light-cone gauge fixed La- 
grangian is also obtained. After that we discuss generalization 
of these results to the case of arbitrary spin-s conformal field. 

Section IVIIII summarizes our conclusions and suggests di- 
rections for future research. 

We collect various technical details in five appendices. In 
Appendix |A] we study restrictions imposed on the shadow 
field two-point vertex by the Poincare algebra symmetries, di- 
latation symmetry, and the shadow field gauge symmetries. 
We demonstrate that these restrictions allow us to determine 
the vertex uniquely. Invariance of the two-point gauge in- 
variant vertex under the conformal boost transformations is 
demonstrated in Appendix IB] In Appendix ICl we present de- 
tails of the derivation of the effective action. In Appendix iDl 
we derive CFT adapted Lagrangian for massless spin-1 and 
spin-2 fields in AdSd+i- In Appendix|El we discuss some de- 
tails of the derivation of normalization factor in the Dirichlet 
problem. 



II. PRELIMINARIES 
A. Notation 

Our conventions are as follows. x° denotes coordinates in 
d-dimensional flat space-time, while da denotes derivatives 
with respect to x°',da = d/dx"". Vector indices of the Lorentz 
algebra so{d— 1, 1) take the values a, b,c,e — 0,1, ... ,d—l. 
We use mostly positive flat metric tensor t]"*". To simplify 
our expressions we drop rjab in scalar products, i.e., we use 

We use a set of the creation operators a'\ a^, and the re- 
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spective set of annihilation operators a", a^, 

[a'',a''] [a^a^] = l, (2.1) 

a''|0)=0, a^|0)=0, (2.2) 

(2.3) 



and we use the notation 



These operators will often be referred to as oscillators in what 
follows."* The oscillators a", a" and a^, a^, transform in 
the respective vector and scalar representations of the so{d — 
1,1) Lorentz algebra. Throughout this paper we use operators 
constructed out of the derivatives and the oscillators. 



□ = d^d" , ad = a"a° , ad = , (2.4) 

Q,2 ^ ^a^a ^ ^2 ^ ^a^a ^ (2.5) 

= a^a" , N, = a^a^ , (2.6) 

n'^'"^i-"'2(2i^«'- (2-7) 

B. Global conformal symmetries 

In c?-dimensional flat space-time, the conformal algebra 
so{d, 2) consists of translation generators P", dilatation gen- 
erator D, conformal boost generators K'^, and generators of 
the so((i— 1, 1) Lorentz algebra J'^^. We assume the following 
normalization for commutators of the conformal algebra: 

[i:>,P"] = -F", [P'',j'"']=ri''''P'=-rj'"'P'', (2.8) 
[D, K"] ^ K" , J^"] = f^^'^K'' - ri'^'K'', (2.9) 



[r^r"] = ry'' + 3 terms . 



(2.10) 
(2.11) 



Let 10) denotes conformal current (or shadow field) in flat 
space-time of dimension d > 4. Under conformal algebra 
symmetries the |0} transforms as 



(2.12) 



where realization of the conformal algebra generators G in 
terms of differential operators takes the form 



pa _ Qa 

jab ^ ^agb _ Qa ^ ^jab ^ 

D = + A , 



(2.13) 
(2.14) 
(2.15) 
(2.16) 



We use oscillator formulation to handle the many indices appealing for 
tensor fields (for recent discussion of oscillator formulation see (17].) In 
a proper way, oscillators arise in the framework of world-line approach to 
higher-spin fields (see e.g. 1 18, 19]). 



1 



KXj^i = -^x'd'' + x''D + M''''x'', (2.17) 



xd = x^-d" , x'^ = x^x" 



(2.18) 



In (I2.14l i-( |2T6] |, A is operator of conformal dimension, M"* 
is spin operator of the Lorentz algebra, 

^^jab^ ^^ce] ^ ^bc^^ae ^ 3 ^^^^^ _ (2.19) 

For arbitrary spin conformal currents and shadow field studied 
in this paper, osciUator representation of the M"'' takes the 
form 



Mab a - b b - a 

= a a ~ a a . 



(2.20) 



i?° is operator depending, in general, on derivatives with re- 
spect to space-time coordinates^ and not depending on space- 
time coordinates a;", [P°, R^] — 0. In the standard formula- 
tion of the conformal currents and shadow fields, the operator 
i?° is equal to zero, while, in the gauge invariant approach, 
the operator i?" turns out be nontrivial llj] . 



C. Standard approach to conformal currents and shadow 
fields 

We begin with brief review of the standard approach to con- 
formal currents and shadow fields. To keep our presentation 
as simple as possible we restrict our attention to the case of ar- 
bitrary spin totally symmetric conformal currents and shadow 
fields which have the appropriate canonical conformal dimen- 
sions given below. In this section we recall main facts of con- 
formal field theory about these currents and shadow fields. 

Conformal current with the canonical conformal di- 
mension. Consider totally symmetric rank-s tensor field 
rpai...as Qf fjjg Lorentz algebra so{d — 1, 1). The field is re- 
ferred to as spin-s conformal current with canonical dimen- 
sion if T""^ - "-^ satisfies the constraints 

rpaaa^...as q Qarpaa^.-.as q ^ ^.V) 

and has the conformal dimension^ 



s + d-2. 



(2.22) 



' For the conformal currents and shadow fields studied in this paper, the 
operator ij" does not depend on derivatives. Dependence on derivatives of 
i?" appears e.g., in ordinary-derivative approach to conformal fields |20]. 

* The fact that expression in r.h.s. of \2.22\ is the lowest energy value of 
totally symmetric spin-s massless fields propagating in AdSd+i space 
was demonstrated in Ref.(21]. Generalization of relation \2.22\ to mixed- 
symmetry fields in AdS may be found in Ref. t2i. 
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which is referred to as the canonical conformal dimension of 
spin-s conformal current. Taking into account that the opera- 
tor i?° of the conformal cuiTent T"-^---"-^ is equal to zero, using 
the well-known spin operator M"-^ of the totally symmetric 
traceless current and A in ( |2.22| i. one can make sure 

that constraints ( 12.211 ) are invariant under conformal algebra 
transformations ( |2.12t . 

Shadow field with the canonical conformal dimension. 
Consider totally symmetric rank-s tensor field of the 

Lorentz algebra so{d — 1, 1). The field <j)ai - a^' is referred to 
as shadow field if it meets the following requirements: 

i) The field $"i - °=> is traceless, 

^aaa3...a, ^ q ^2.23) 

ii) The field - transforms under the conformal al- 
gebra symmetries so that the following two point current- 
shadow field interaction vertex 

C = — ^ai...a,j.ai...a, (2.24-) 

is invariant (up to total derivative) under conformal algebra 
transformations. 
We now note that: 

i) Conformal dimension of the spin-s shadow field given by 

A = 2 - s , (2.25) 

is referred to as the canonical conformal dimension of spin-s 
shadow field. The operator of the shadow field ci)"!-'^^ is 
equal to zero. 

ii) Divergence-free constraint (12.211 1 and requirement for the 
vertex C to be invariant imply that the shadow field is defined 
by module of gauge transformation 

J$ai...a, ^ jjtr^(ai^a2...a,) ^ ^2.26) 

where - is traceless parameter of gauge transforma- 
tion and the projector n*"^ is inserted to respect tracelessness 
constraint (12.231 1. 

D. Gauge invariant approach to conformal currents and 
shadow fields 

We now briefly review the gauge invariant approach to 
conformal currents and shadow fields developed in Refill. 
The gauge invariant approach to the conformal currents and 
shadow fields can be summarized as follows. 

i) To discuss the arbitrary spin-s conformal current and 
spin-s shadow field we use the respective totally symmet- 
ric so{d — 1,1) Lorentz algebra tensor fields (pcur'"'"' and 
"^^sh where s' = 0,1,..., s. For s' > 4, these fields 
are restricted to be double-traceless. 



'/'cur = =0, 0,1^ ^ =0. (2.27) 

Conformal dimension of the field (/>ciir is equal to s'+d— 2, 
while conformal dimension of the field 4)%^"°'''' is equal to 

2-s'. 

ii) On space of the fields 0cur (and separately on space 
of the fields ^^ij ''"'), we introduce new differential con- 
straints, gauge transformations, and conformal algebra trans- 
formations. 

iii) The new differential constraints are invariant under the 
gauge transformations and the conformal algebra transforma- 
tions. 

iv) The gauge symmetries and the new differential con- 
straints make it possible to match our approach and the stan- 
dard one, i.e., by appropriate gauge fixing of the Stueckelberg 
fields and by solving some differential constraints (Stueckel- 
berg gauge frame) we obtain standard formulation of the con- 
formal currents and shadow fields. 

For the spin-s conformal current, use of the Stueckelberg 
gauge frame leads to (pcm""'^' = for s' = 0, 1, . . . , s — 1 and 
divergence-free and tracelessness constraint for <^°^^- "= , 

Qa^aa2...a^ = , = • (2.28) 

We see that, in the Stueckelberg gauge frame, our field 
can be identified with the current y i ( 12.211 ). i.e. our ap- 
proach reduces to the standard one. 

For the spin-s shadow field, use of the Stueckelberg gauge 
frame leads to tracelessness constraint for the field 'Psh' '^^ 

^aaa3...a, ^ Q ^ (2.29) 

and this field is not subject to any differential constraint. Also, 
the Stueckelberg gauge frame makes it possible to express 
the fields (/'gj^ "'""', s' = 0, 1, . . . , s — 1, in terms of the field 
' i.e., we are left with one traceless field (/)"^ ' °% which 
can be identified with the shadow field - of the standard 
approach to CFT. 

Summary of the gauge invariant approach to the low-spin, 
s = 1,2 conformal currents and shadow fields is given in 
Table I. 
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Table I. In the Table, we present the field contents, conformal dimensions, differential constraints, gauge trans- 
formations and transformations under operator i?° entering the gauge invariant approach of the low-spin, s = 1,2 
conformal currents and shadow fields. The operators i?" enter conformal boost transformations given in (|2.16t . 



Field 
cont. 


Conf. 
dim. 


Differential 
constraint 


Gauge 
transformation 


Action of 
operator J?" 


spin-1 current 


0cur 


d- 1 


a"<^?ur + OfPcur = 




= (2 - d)r,"''<^cu. 


0cur 


d~2 


•^^cur — " ^cur 


i?>cur = 


spin-1 shadow field 




1 




= 


50?h = d°-^sh 


R'^A = 




2 


S<j}sh — — QCsh 


i?>eh = (d-2)0«h 


$pin-2 current 


S^cur 


d 


9>cur + h^cur + ^^a^cur = 


Y'cur ^ ScTir i Scur 




0cur 


d-1 


^0cur — ^ '^cur ~ '^cur 


i?>cur = -\/2(d - l)(d - 2)7?'"Vcur 


0cur 


d-2 




-R"0cur = 


spin-2 shadow field 











i?>s§ = 




1 




r>fi J J.o.b „ab icc 




2 




i?>sh = v/2(d-l)(d-2)0s"h 



r 
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Table II. In the Table, we present the field contents, conformal dimensions, differential constraints, gauge trans- 
formations and the operators R" entering the gauge invariant approach of arbitrary spin-s conformal currents and 
shadow fields. The operators i?" enter conformal boost transformations given in l|2.16t . 



Field 


Conformal 


Differential 


Gauge 


Operator 


content 


dimension 


constraint 


transformation 










spin-s current 





s + d 
-2-N, 



Ccur — ad — \ada 



5\(t>cvLr) = {ad — ei,cur 



2s + d-6-2]Vj 



ei,cur — a ei , ei.cur — —eia 



R" ^fia'^ - a 



(2JVo 


+d-2)(2JV£ 




V2s 


+ d-4- 





X V2s + d - 4 - 2iVz 



spin-s shadow field 



2 - s + AT, 



Cshi<?!'sh) = , 



Csh — ad — ^ada^ 



S\(t>sh) = {ad - ei^shQ 

~ 23+d-6-2N^ ^i_sh j l^sh) : 

ei,sh — a'Hx , ei.ah = — eiQ^ 



2JV„+d" /' 



r = aV2s + d-4- Af^ 
X V2s + d - 4 - 2N^ 



/^a — 1 „ a z-2 

Ljj_ = a — -^a a , 



2{2Na+d) 



ei 



2s+d-4,-N^ 
2s+d-A-2N^ 



1/2 



To simplify presentation of the gauge invariant approach to 
the arbitrary spin-s conformal current and shadow field we 
use oscillators (12.1b and introduce the respective ket-vectors 
|(/)cur) and |0sh} defined by 



t>cm) ='^al " |0cur,s') 
s'=0 



s'=0 



■|0) 



(2.31) 



To describe gauge symmetries of the arbitrary spin-s con- 
formal current and spin-s shadow field we use gauge transfor- 
mation parameters which are the respective totally symmetric 
so{d—l, 1) Lorentz algebra tensor fields ^cm- and ^^j^ 
where s' = 0, 1, . . . , s — 1. For s' > 2, these gauge transfor- 



mation parameters are restricted to be traceless, 

^aaa-,...a,, ^ q ^ ^aaa3...a,, ^ ^ _ ^2.32) 

Again, to simplify presentation of result, we collect the gauge 
transformation parameters in the respective ket-vectors |^cur) 
and l^sh) defined by 



I^cur, s' ) 



... a 



s'!^(s - 1 - s')! 



Ci-"='|0), (2.33) 



|Csh)EE^ar^-^'|6h,s') 



ICsh, 



s'\^{s - 1 - s')! 



(2.34) 



With these conventions for the ket-vectors, summary of our 
study of gauge invariant approach to the arbitrary spin-s con- 
formal current and shadow field is given in Table II. 
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III. GAUGE INVARIANT TWO-POINT VERTEX FOR 
LOW-SPIN SHADOW FIELDS 

We now discuss shadow field two-point vertex. In the 
gauge invariant approach, the vertex is determined by requir- 
ing the vertex to be invariant under gauge transformations of 
the shadow field. Also, the vertex should be invariant un- 
der conformal algebra transformations. We consider the two- 
point vertices for spin-1, spin-2, and arbitrary spin-s shadow 
fields in turn. 



A. Gauge invariant two-point vertex for spin-1 stiadow field 

We begin with the discussion of the two-point vertex for the 
spin-1 shadow field. This simplest example demonstrates all 
characteristic features of our approach. In the gauge invariant 
approach, the spin- 1 shadow field is described by vector field 
and scalar field 4>sh (see Table I). The gauge invariant two- 



point vertex we find takes the form 



Tl2 = 



0sh(a;i)0sh(a;2) 



2\xi2\^(d~l) ^4(d_2)2 |xi2|2('i-2) 



F12I 



(3.1) 



(3.2) 



(3.3) 



One can check that this vertex is invariant under the gauge 
transformations of the spin-1 shadow field given in Table I. 
The vertex is obviously invariant with respect to the Poincare 
algebra and dilatation symmetries. Also, using the operator 
i?" given in Table I, we check that the vertex is invariant under 
the conformal boost transformations. 

The kernel of the vertex F is related to a two-point correla- 
tion function of the spin-1 conformal current. In our approach, 
the spin-1 conformal current is described by gauge fields (f>'^^^., 
(j)cuY (see Table I). Therefore, in order to discuss correlation 
functions of the fields 0°^ , (/'cur in a proper way, we should 
impose gauge condition on the fields ^cm., (/)cui -^ The two- 
point correlation functions of gauge fixed fields 0°^., (/>cur are 
obtained from the kernel of the two-point vertex F taken to 
be in appropriate gauge frame. To explain what has just been 
said we discuss two gauge conditions which can be used for 
studying the correlations functions - Stueckelberg gauge and 



^ We note that, in the gauge invariant approach, correlation functions of 
the conformal current can be studied without gauge fixing. To do that one 
needs to construct gauge invariant field strengths for the gauge potentials 
4>cuT' 4'cuT- Study of field strengths for the conformal cun'ents is beyond 
the scope of this paper. 



light-cone gauge. We would like to discuss these gauges be- 
cause of the following reasons. 

i) As we have said, the Stueckelberg gauge reduces our ap- 
proach to the standard formulation of CFT. Therefore the use 
of the Stueckelberg gauge allows us to demonstrate how the 
standard two-point correlation function of the spin-1 confor- 
mal current is obtained from the kernel of our gauge invariant 
two-point vertex F. 

ii) Motivation for considering the Ught-cone gauge vertex 
cames from conjectured duality of the free large N conformal 
N = A SYM theory and the theory of massless higher-spin 
AdS fields ll23ll .^ On the one hand, one expects that mass- 
less higher-spin AdS fields appear in the tensionless Umit of 
AdS string. On the other hand, by analogy with flat space, 
we expect that a quantization of the Green-Schwarz AdS su- 
perstring 1 28 1 will be straightforward only in the light-cone 
gauge 1I29I boll . As we shall demonstrate in Sec. [Vl cor- 
relation function of the arbitrary spin-s conformal current is 
obtained from the effective action of massless arbitrary spin- 
s AdS field. Therefore it seems that from the stringy per- 
spective of AdS /CFT correspondence, light-cone approach 
to CFT is the fruitful direction to go. 

We now discuss the Stueckelberg gauge and light-cone 
gauge in turn. 

Stueckelberg gauge frame two-point vertex. We begin 
with the discussion of Stueckelberg gauge fixed two-point ver- 
tex of the spin-1 shadow field, i.e. we relate our vertex with 
the one in the standard approach to CFT. In general, Stueck- 
elberg gauge frame is achieved through the use of the Stueck- 
elberg gauge and differential constraints. The gauge invari- 
ant approach to the spin-1 shadow field does not involve the 
Stueckelberg gauge symmetries. This implies that we should 
just solve the differential constraint which is given in Table 
I, d°'4)'^Y-i + '/'sh = 0. Solution to this constraint is obvious, 
(/igh = ^d"'4>th_- Plugging this into (13.21 ) and ignoring the 
total derivative, we find that two-point density ( 13.21 ) takes 
the following form: 



T-^Stuck.g.fram j pg- 

^12 — "-l^ 1 



stand 
2 : 



nstand 



*^12 — V 



|xi2P('i-l) 
ab ^'^12-^12 



F12 



fcl = 



d-l 
2{d-2) ' 



(3.4) 
(3.5) 
(3.6) 
(3.7) 



' Discussion of this theme in the context of various limits in AdS super- 
string may be found in f24|l- l27ll . 
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where rf2''"'^ (13.5b stands for the two-point vertex of the spin- 
1 shadow field in the standard approach to CFT. From ( I3.4l i. 
we see that our gauge invariant vertex taken to be in the 
Stueckelberg gauge frame coincides, up to normaHzation fac- 
tor ki, with the two-point vertex in the standard approach to 
CFT. As is well known, r^2'*"'^ ( 13. 5t is invariant under gauge 
transformation appearing in the standard approach to CFT, 



(3.8) 



The kernel of vertex F''*^"'* ( 13. 5t defines a correlation func- 
tion of the spin-1 conformal current taken to be in the Stueck- 
elberg gauge frame. This is to say that the gauge invariant 
approach to the spin-1 conformal current involves the Stueck- 
elberg gauge symmetry associated with the gauge transforma- 
tion parameter ^cui (see Table I). This symmetry allows us to 
gauge away the scalar field 0cur by imposing the Stueckelberg 
gauge 0cur = 0. Thus, in the Stueckelberg gauge frame, we 
are left with divergence-free vector field (/'"ui.. Two-point cor- 
relation function of this vector field is given by the kernel of 
vertex F'^"^'^'^ ( [33T l. 



(0,V(a:i),0?ur(2:2)) 



Fl2 



|2(d-l) 



(3.9) 



Light-cone gauge two-point vertex. Light-cone gauge 
frame is achieved through the use of the light-cone gauge and 
differential constraints. Taking into account the gauge trans- 
formation of the field (f>'^^^ (see Table I), we impose the light- 
cone gauge condition,^ 



0. 



(3.10) 



Plugging this gauge condition in the differential constraint for 
spin-1 shadow field (see Table I) we obtain solution for <j)^^^. 



d+ 



1 



Vsh ■ 



(3.11) 



We see that we are left with vector field and scalar field 
4>s\i- These fields constitute the field content of the light-cone 
gauge frame. Note that, in contrast to the Stueckelberg gauge 
frame, the scalar field (psh becomes an independent field D.o.F 
in the light-cone gauge frame. 

Using ( 13.10b in (13.21 ) leads to light-cone gauge fixed vertex 



F 



(I.e.) _ 0sh(^l)'?^sh(^2) 



1 



12 



2|a;^2|2(d-l) 4(d-2)2 \xi2?id-2) 



(3.12) 



' In light-cone frame, space-time coordinates are decomposed as = 
x^,x~ ,x'', where light-cone coordinates in it directions are defined as 
= (x"^"^ ita;'^)/v'2 and 3::+ is taken to be a light-cone time. so{d—2) 
algebra vector indices take values i,j = 1, . . . , d — 2. We adopt the con- 
ventions: = di = d/dx^, = dip = d/dx^ . 



We note that, as in the case of gauge invariant vertex (I3.2l l. 
light-cone vertex ( I3.12l i is diagonal with respect to the fields 
(f>l^ and (j)sh- Note however that, in contrast to the gauge in- 
variant vertex, the light-cone vertex is constructed out of the 
fields which are not subject to any constraints. 

The kernel of the light-cone vertex gives two-point corre- 
lation function of spin-1 conformal current taken to be in the 
light-cone gauge. This is to say that, using the gauge symme- 
try of the spin-1 conformal current (see Table I), we impose 
light-cone gauge on the field (p"^^^, 



0. 



(3.13) 



Using this gauge condition in the differential constraint for the 
conformal spin-1 current (see Table I), we find 



□ 



(3.14) 



v-cur Q+ V cur g+ 

We see that we are left with vector field 0* and scalar field 
<j>cui- These fields constitute the field content of the light-cone 
gauge frame. Defining two-point correlation functions of the 
fields ^cur' '?^cur in a usual way, 

(0cur(a;i), 0cur(2;2)) = 



^2p(l.c.) 



^2p(l.c.) 



(3.15) 
(3.16) 



and using (|3.12| i. we obtain the two-point light-cone gauge 
correlation functions of the spin-1 conformal field, 

{q^lM,^iuAx2)) = 5^^^\xi2r'^'-'K 

1 



(xi), 4> cur (^2)) 



2(d- 2)^ 



Fl2 



(3.17) 
(3.18) 



B. Gauge invariant two-point vertex for spin-2 shadow field 

We proceed with the discussion of two-point vertex for 
spin-2 shadow field. As compared to the spin-1 shadow field, 
this important case demonstrates some new features of our 
approach. In the gauge invariant approach, the spin-2 shadow 
field is described by rank-2 tensor field 0^^, vector field ^^j^, 
and scalar field (j)sh- Note that the tensor field (j)^^ is not trace- 
less. The gauge invariant two-point vertex we find takes the 
form given ( 13. It . where the two-point density F12 is given by 



F12 = 



1 



4 a; 



12 



2d 



1 



'^sh(2;i)0sh(2;2) - 2'^sh(a;i)0sh(a;2) 

Ch(^l)Ch(^2) 



4d(d- 



1) 
1 



12:12 



|2(d-l) 



0sh(a;i)0sh(a;2) 



8d{d-l){d-2y |2:i2|2(rf-2) 



(3.19) 
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One can check that this vertex is invariant under the gauge 
transformations of the spin-2 shadow field given in Table I. 
Also, using the operator i?" given in Table I, we check that 
the vertex is invariant under conformal boost transformations. 
Remarkable feature of the vertex is its diagonal form with re- 
spect to the fields and (psh- 

We now discuss Stueckelberg gauge and light-cone gauge 
fixed vertices in turn. 

Stueckelberg gauge frame two-point vertex. As we have 
said, the standard approach to CFT is obtained from our 
approach by using the Stueckelberg gauge frame. There- 
fore to illustrate our approach, we begin with the discus- 
sion of Stueckelberg gauge fixed two-point vertex of the spin- 
2 shadow field. The Stueckelberg gauge frame is achieved 
through the use of the Stueckelberg gauge and differential 
constraints. From the gauge transformations of the spin-2 
shadow field given in Table I, we see that the trace of the 
rank-2 tensor field transforms as the Stueckelberg field, 
i.e., can be gauged away via the Stueckelberg gauge fix- 
ing. 



laa 
''sh 



0. 



(3.20) 



Gauge condition (13.201 1 leads to traceless field which can 
be identified with the shadow field of the standard approach 
to CFT. Taking into account (|3.20t , we solve the differential 
constraints for the spin-2 shadow field (see Table I) to express 
the fields ^^j^ and (psh in terms of the traceless tensor field 0^^, 



coincides, up to normalization factor k2, with the two-point 
vertex in the standard approach to CFT. We note that Ffj'^"'^ 
(13.251 1 is invariant under gauge transformation appearing in 
the standard approach to CFT, 



(3.27) 



The kernel of vertex r*'*''"'^ (13.251 1 defines two-point cor- 
relation function of the spin-2 conformal current taken to 
be in the Stueckelberg gauge frame. This is to say that the 
gauge invariant approach to the spin-2 conformal current in- 
volves the Stueckelberg gauge symmetries associated with 
the gauge transformation parameters ^"m., ^cui (see Table I). 
These symmetries allow us to gauge away the vector field cj)'^^^ 
and the scalar field (pcui- by imposing the Stueckelberg gauge 
'/'cur ~ 4'cur = 0. After that, the differential constraints 
lead to traceless divergence-free tensor field Two-point 
correlation function of this tensor field is given by the kernel 
of vertex r'^'^"'^ dlBt . 

Light-cone gauge two-point vertex. We now consider 
light-cone gauge fixed vertex. In our approach, the light- 
cone gauge frame is achieved through the use of the light- 
cone gauge and differential constraints. Taking into account 
the gauge transformations of the fields (j>'^^, (p'^y^ (see Table I), 
we impose the light-cone gauge condition. 



b j_ah 
sh ' 



oa pib tab 



d- l\l/2 



(3.21) 
(3.22) 

(3.23) 



Relations (I3.20l l-( l3l22l l provide complete description of the 
Stueckelberg gauge frame for the spin-2 shadow field. Plug- 
ging ( I3.20b - (l3.22b in (|3.19l l and ignoring the total derivative, 
we find that our two-point density ( 13.191 1 takes the follow- 
ing form: 



pStuck.g.fram _ i pstand 
J- 12 ~ '*2J- 12 



(3.24) 



pstand _ J,aia2(^ A __12__:_12_ J.^! 62 \ ii tcn 

^12 -(psh (2:1) — \^\2d '^sh y^v^ (^-25) 



fc2 = 



1 



4(d-l) 



(3.26) 



where O?^ is defined in while Tf^""^ ( [325] l stands for 
the two-point vertex of the spin-2 shadow field in the stan- 
dard approach to CFT. From ( I3.24l i. we see that our gauge 
invariant vertex taken to be in the Stueckelberg gauge frame 



(3.28) 



Plugging this gauge condition in the differential constraints 
for the spin-2 shadow field (see Table I) we find , 



(3.29) 
(3.30) 

(3.31) 

(3.32) 





= 0, 






























'sh 










QiQJ 




2d' 








^ d+d+ 



d+d+ 



Psh ■ 



We see that we are left with the so{d — 2) algebra traceless 
rank-2 tensor field p'^^, vector field (pl^^, and scalar field p^h- 
These fields constitute the field content of the light-cone gauge 
frame. Note that, in contrast to the Stueckelberg gauge frame, 
the vector field ^^j^ and the scalar field i^sh become indepen- 
dent field D.o.F in the light-cone gauge frame. 

Using ( I3.28l ).( l3729l l in ( |3.19t leads to light-cone gauge fixed 



10 



vertex 



.(I.e.) 



A\x 



12 



2d 



1 



Ch(2;i)Ch(2;2) 



M{d-1) |xi2p(^-i) 

1 '/'sh(a;i)0sh(a;2) 



8d(d- l)(d-2)2 1x12 



2(d-2) 



(3.33) 



We see that, as in the case of gauge invariant vertex (13.191 1. 
light-cone vertex ( 13.33b is diagonal with respect to the fields 
'/'sh' '^sh "^sh. Note however that, in contrast to the gauge 
invariant vertex, the light-cone vertex is constructed out of the 
fields which are not subject to any differential constraints. 

The kernel of light-cone vertex (13.33b gives two-point cor- 
relation function of the spin-2 conformal current taken to be in 
the light-cone gauge. This is to say that using the gauge trans- 
formations of the fields ^^ur' "^cur (^^^ Table 1), we impose 
the light-cone gauge condition. 



'^cur 



0. 



0. 



(3.34) 



Using this gauge condition in the differential constraints for 
the conformal spin-2 current (see Table 1), we find 



IV. GAUGE INVARIANT TWO-POINT VERTEX FOR 
ARBITRARY SPIN SHADOW FIELD 

We now study two-point vertex for arbitrary spin-s shadow 
field. In the gauge invariant approach, the spin-s shadow field 
is described by totally symmetric so{d —1,1) Lorentz alge- 
bra tensor fields where s' = 0, 1, . . . , s. For s' > 4, 
these fields are restricted to be double-traceless (12.27b . To dis- 
cuss the two-point vertex it is convenient to collect the fields 
<f>g^"'°'°' into ket -vector |(/)sh) as in (12.31b . In terms of the 
ket- vector \(f>sh) we find concise expression for the two-point 
density ri2, 

ri2 = ^('^sh(xi)|^^^j^|0sh(x2)), (4.1) 



-1 -^2-2 

u = l- -a a , 

4 



r(^ + f)r(^ + i) 
i-^-^Tii^s + Drills + 1) 



d-4: 

rf-4 



(4.2) 

(4.3) 

(4.4) 
(4.5) 



0, 



□ 



d+d+ 



2nd'' 
^ d+d+' 



d+d+' 



(3.35) 
(3.36) 

(3.37) 

(3.38) 



We see that we are left with traceless rank-2 tensor field 4>IP^^., 
vector field (pl^^j. and scalar field cjicur- These fields constitute 
the field content of the light-cone gauge frame. 

Defining two-point correlation functions of the fields 0ciiri 
(f>lu,., (f>cur as the second functional derivative of F with respect 
to the fields c^^^, ^^j^, 0sh we obtain 



\V-^cur 



Fl2 



-2{d-l) 



2d(d- 1) 



Xl2\ 



-2(d-2) 



(3.39) 
(3.40) 
(3.41) 



4d(d- l)(d-2)2 

where we use the notation 



2 



where is defined in ( 12.61 ). We note that vertex F12 ( 14. lb is 
invariant under gauge transformation of the shadow field |0sh) 
provided the shadow field satisfies the differential constraint. 
The gauge transformation and the differential constraint are 
given in Table II. The vertex is obviously invariant under the 
Poincare algebra and dilatation symmetries. Details of the 
derivation of vertex ri2 ( 14.1b may be found in Appendix lAl 
Invariance of vertex ( 14.1b under the conformal boost transfor- 
mations is demonstrated in AppendixiBl 

To illustrate structure of the vertex ri2 we note that, in 



terms of the tensor fields 
represented as 



vertex ri2, ( 14.11 ) can be 



ri2 = E , 

s'=0 

^2 21X12 12('''+''-2) 

s'(s' - 1) 

-A '^sh 



(4.6) 



, (4.7) 



F(s' + d-2)F(s' + ^^) 
4'^-^'.s'!F(.s + rf - 2)F(s + ^ 







(4.8) 



The kernel of the vertex F12 is related to correlation func- 
tion of the spin-s conformal current which is described by 
gauge fields 4>t\ii'°''' , s' = 0, 1, . . . , s. These gauge fields are 
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collected in the ket-vector {(pcui) ( 12.30b . Using the Stueckel- 
berg gauge and light-cone gauge, we now demonstrate rela- 
tion of the conformal current correlation function to the gauge 
fixed two-point vertex F. 

Stueckelberg gauge frame two-point vertex. As we 
have said, standard approach to CFT is obtained from our 
approach by using the Stueckelberg gauge frame. There- 
fore to illustrate our approach, we begin with the discus- 
sion of Stueckelberg gauge fixed two-point vertex of the spin- 
s shadow field. The Stueckelberg gauge frame is achieved 
through the use of the Stueckelberg gauge and differential 
constraints. Using the gauge transformations and differential 
constraint of the spin-s shadow field given in Table 11, one can 
demonstrate that, in the Stueckelberg gauge frame, one has 
the following relations: 



where is defined in ( 13.61 1. From (14.121 1. we see that our 
gauge invariant vertex F12 taken to be in the Stueckelberg 
gauge frame coincides, up to normalization factor kg, with 
the two-point vertex in the standard approach to CFT. 

The kernel of vertex F''*'*"'^ ( 14.161 1 defines two-point cor- 
relation function of the spin-s conformal current taken to be 
in the Stueckelberg gauge frame. This is to say that, in the 
Stueckelberg gauge frame, we obtain ^cui- = for s' = 
0, 1, . . . , s — 1 and we are left with the traceless divergence- 
free conformal current 0"^^. Two-point correlation func- 
tion of this conformal current is given by the kernel of vertex 

pstand gj^ 

As a side of remark we note that Ffj^'"^ ( 14.161 1 is invari- 
ant under gauge transformation appearing in the standard ap- 
proach to CFT, 



«'|0sh,s') =0, 



(4.9) 



(4.17) 



(4.10) 



i-r 



{s - sj. 

2^-'''F(s- 



d-3)r(s + i^)U 



F(2s + d-3)F(s' + %^) 



(4.11) 



s' = 0, 1, . . . , s. Relation tells us that all fields (jy^'""""' 
are traceless, while from relation ( 14.101 ) we learn that the fields 
(f>s^ '°'°', with s' = 0, 1, . . . , s — 1, can be expressed in terms 



of the rank-s tensor field 05^ '°° ■ Plugging ( 14.10b in (14.1b and 
ignoring total derivative, we get 



i^s'- 12 



(4.12) 



Tf^^^" ^ sl{<j>,i,^s{xi)\Oi2{a,a)\^sKs{x2)) , (4.13) 



Oi2(q;, a) 



2s + d-3 
2s\{s + d-3) 



(4.14) 



(4.15) 



where axi2 — a^x^j, axi2 = a"a;°2 ™d Ffj^" in r.h.s. of 
( 14. 12b stands for the two-point vertex of the spin-s shadow 
field in the standard approach to CFT. Relation (14. 13b pro- 
vides oscillator representation for the Ffj^"'*. In terms of the 
tensor field (f>'^^"'''% vertex Tf2'^'^ (14. 13b can be represented 
in the commonly used form. 



jnstand _ ^fi...as/^ \ ^12 
'^12 — fsh l-^lJ 



■^\2 ibi...b. 



X^^\2(s+d-2) 



(4.16) 



where '"^^ traceless parameter of gauge transforma- 
tion and the projector 11*'^ is inserted to respect tracelessness 
constraint for the field 4>s^"'°'' . 

Light-cone gauge two-point vertex. The light-cone gauge 
frame is achieved through the use of the light-cone gauge and 
differential constraints. We impose the conventional hght- 
cone gauge. 



(4.18) 



where H'^^' is given in ( 12. 7b , and analyze the differential con- 
straint for the spin-s shadow field \(f>sh) (see Table II). We find 
that solution to the differential constraint can be expressed in 
terms of light-cone ket-vector {(p]:^'), 

= exp(-|^(a^5^ - ei,h)) l</>sh ) , (4-19) 



(4.20) 



where the light-cone ket-vector \(j>].{^') is obtained from |0sh) 
( 12.31b by equating a+ = = 0, 



Psh 



a+— a~ —0 



(4.21) 



We see that we are left with fields <j>l\^"^°' , s' 



which are traceless so(d— 2) algebra tensor fields, ' = 
0. These fields constitute the field content of the light-cone 
gauge frame. Note that, in contrast to the Stueckelberg gauge 
frame, the fields <Pll^"^^' , with s' = 0, 1, . . . , s — 1, become 
independent field D.o.F in the light-cone gauge frame. Also 
note that, in contrast to the gauge invariant approach, the fields 
•^sh ^' ~ 0, 1, . . . , s, are not subject to any differential 
constraints. 
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Using (14.191 1. (14.201 ) in (1411 1 leads to light-cone gauge fixed 
vertex 



1 



\Xl2 



\2u+d 



(4.22) 



where f^, is defined in ( I4.3l l. 

To illustrate the structure of vertex (14.221 1 we note that, 
in terms of the fields , the vertex can be represented as 



pl.c. _ \ ' p(s')l-' 
^ 12 ~ 2-^ ^ 12 



(4.23) 



correlation functions: 



111...!^ 



\Xl2 



2(s'+d-2) 



n 



(4.29) 



s' — 0,1,..., s, where Ws' is defined in (14.81 ) and 
■Js' stands for the projector on traceless spin-s' ten- 
sor field of the so(rf— 2) algebra. Explicit form of the projector 
may be found e.g. in Ref. L3li1 . 



,(s')l.c. 
12 



:h-'='(^i)'^:h-^='(^2), (4.24) 



where Ws' is given in (I4.8l l. We see that, as in the case of 
gauge invariant vertex, light-cone vertex ( 14.22b is diagonal 



with respect to the light-cone fields ^^J^ ' 



0,1,..., s. 



Note however that, in contrast to the gauge invariant vertex, 
the light-cone vertex is constructed out of the light-cone fields 
which are not subject to any differential constraints. 

As usually, the kernel of light-cone vertex (|4.22t gives 
two-point correlation function of the spin-s conformal current 
taken to be in the light-cone gauge. This is to say that using 
gauge symmetry of the spin-s conformal current (see Table 
11) we impose Ught-cone gauge condition on the ket-vector 



a+nf^'^Vcur)=0, 



(4.25) 



where II'^-^' is given in ( I2.7l l. Using this gauge condition in 
the differential constraint for the conformal spin-s current (see 
Table II), we find 

|0eur) = exp(-^(a*5^ - eicurD)) W^^,) , (4.26) 



)=0, 



(4.27) 



where a light-cone ket-vector |(/)J,u;) is obtained from |0cur) 
(|2.30l l by equating = a~ — 0, 



^l.c. 



Q:+— a —0 



(4.28) 



We see that we are left with light-cone fields (/)cur > s' — 
0, 1, . . . , s, which are traceless tensor fields of so{d — 2) al- 
gebra, (p^cm'"'^^' ~ 0. These fields constitute the field con- 
tent of the light-cone gauge frame. Note that, in contrast 
to the Stueckelberg gauge frame, the fields 0cur''°', with 
s' = 0, 1, . . . , s — 1, are not equal to zero. Also note that, 
in contrast to the gauge invariant approach, the fields (/)cui *° , 
s' = 0, 1; . . . , s, are not subject to any differential constraints. 

Defining two-point correlation functions of the fields 
(^cur as the second functional derivative of F with the re- 



spect to the shadow fields 



we obtain the following 



V. ADS/CFT CORRESPONDENCE 

We now apply our results to the study of AdS/CFT cor- 
respondence for free massless arbitrary spin AdS fields and 
boundary shadow fields. To this end we use the gauge in- 
variant CFT adapted description of AdS massless fields and 
modified (Lorentz) de Donder gauge found in Ref. 13211 ^°. Our 
massless fields are obtained from Fronsdal fields by the invert- 
ible transformation which is described in Sec. V in Ref. 13211 . It 
is the use of our fields and the modified (Lorentz) de Donder 
gauge that leads to decoupled form of gauge fixed equations 
of motion and surprisingly simple Lagrangian. Owing these 
properties of our fields and the modified (Lorentz) de Donder 
gauge, it is possible to simplify significantly the computation 
of the effective action. We remind that the bulk action eval- 
uated on solution of the Dirichlet problem is referred to as 
effective action in this paper Note also that, from the very 
beginning, our CFT adapted gauge invariant Lagrangian is 
formulated in the Poincare parametrization of AdS space. 



1 



ds = -^{dx°-dx°- + dz dz) . 



(5.1) 



Therefore our Lagrangian is explicitly invariant with respect 
to boundary Poincare symmetries, i.e., manifest symmetries 
of our Lagrangian are adapted to manifest symmetries of 
boundary CFT. 

In this Section, using the modified (Lorentz) de Donder 
gauge, we are going to demonstrate that action of massless 
spin-s AdS field, when it is evaluated on solution of equa- 
tions of motion with the Dirichlet problem corresponding to 
the boundary shadow field, is equal, up to normalization fac- 
tor, to the gauge invariant two-point vertex of spin-s shadow 
field which was obtained in Sees. \lIl\and\lV\ Also we find the 
normalization factor. 



Remarkable feature of our approach is that it can be generahzed to the 
case of massive fields in a relatively straightforward way. This can be 
done by using CFT adapted approach to massive AdS fields developed 
in Ref lis . 
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The modified (Lorentz) de Donder gauge is invariant under 
the on-shell leftover gauge symmetries of bulk AdS fields. 
Note however that, in our approach, we have gauge symme- 
tries not only at AdS side, but also at the boundary CFT}^ 
These gauge symmetries are also related via AdS/CFT cor- 
respondence. Namely, in Ref.lil], we demonstrated that the 
on-shell leftover gauge symmetries of non-normalizable so- 
lutions of bulk AdS fields match with the gauge symmetries 
of shadow fields. It is this matching of on-shell leftover gauge 
symmetries of non-normalizable solutions and the gauge sym- 
metries of shadow fields that explains why the effective action 
coincides with the gauge invariant two-point vertex of shadow 
field. 



A. AdS/CFT correspondence for scalar field 

Action of arbitrary spin AdS field taken to be in the mod- 
ified (Lorentz) de Donder gauge is similar to the action for 
a massive scalar AdS field. In fact, this is main advantage 
of using the modified (Lorentz) de Donder gauge condition. 
Therefore we begin with brief review of the computation of 
the effective action for massive scalar field. 

Action and Lagrangian for the massive scalar field in 
AdSd+i background take the form'^ 



S = / d'^xdzL. 



(5.2) 

^ = ^ (s'^'^M^S.^ + m2$2) . (5.3) 
In terms of the canonical normalized field (f) defined by 

^ = z^<j), (5.4) 



the Lagrangian takes the form (up to total derivative) 



^ = d'^(j>d°'4>, where we use the notation 



% = d. 



2 n , 
Z 



m? + 



d2 



(5.5) 



(5.6) 



(5.7) 



" In the standard approach to CFT, only the shadow fields are transformed 
under gauge transformations, while in our gauge invariant approach both 
the currents and shadow fields are transformed under gauge transforma- 
tions, i.e., our approach allows us to study the currents and shadow fields 
on an equal footing. 

In Secs.lVland lVIl we use the Euclidian signature. 



We note that ly is related with the conformal dimension of 
boundary conformal spin-0 current, 0cui as 



2 



(5.8) 



We assume that v > 0. Also note that, for massless scalar 
field, = (l-d2)/4. 

Equations of motion obtained from Lagrangian ( 15.51 ) take 
the form 



□ .0 = 0, 



1 



1, 



(5.9) 
(5.10) 



It is easy to see that by using equations of motion (15.91 ) in 
bulk action ( 15.2b with Lagrangian (15.5b we obtain the effective 
action given by'"* 



SoS 



-eff 



d'^xCa 



(5.11) 



(5.12) 



Following the procedure in 113411 . we note that solution of 
equations ( 15.9b with the Dirichlet problem corresponding to 
boundary shadow scalar field (psh takes the form 



0(a;,z) = cr / d'^yGu{x - y,z)4>sh{y) , (5.13) 



Gi,{x,z) 



(z2 + IxP) 



r(^ + i) 



(5.14) 



(5.15) 



To be flexible, we use normalization factor cr in (15.13b . For the 
case of scalar field, commonly used normalization in (15.13b is 
achieved by setting a — I. 

Using asymptotic behavior of the Green function 



G^{x,z) "-^ z-'+h'^ix), 
we find the asymptotic behavior of our solution 



{x,z) 



(5.16) 



(5.17) 



From this expression, we see that our solution has indeed 
asymptotic behavior corresponding to the shadow scalar field. 



" Following commonly used setup, we consider solution of the Dirichlet 
problem which tends to zero as z — > oo. Therefore, in 15.111 , we ignore 
contribution to 5off when z = oo . 
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Plugging solution of the Dirichlet problem ( 15.13b into 
(15. ni l, (15.121 1. we obtain the effective action 



X2- 



\Xl2 



\2u+d 



(5.18) 



Plugging the commonly used value of ct, ct = 1, in ( 15.181 1. 
we obtain the properly normalized effective action found in 
Refs. l35ll36ll . Note however that our Lagrangian ( 15. 5t differs 
from the one in Refs. 135113611 by total derivative with respect to 
the radial coordinate z, which gives nontrivial contribution to 
the effective action. Coincidence of our result and the one in 
Refs.|i35., ,361 is related to the fact that we fix boundary value 
of the Dirichlet problem at z = 0, compute the effective ac- 
tion at z = e and then scale e — > (see also Ref. l34tl ). while 



authors of Refs. 11351 13611 fix boundary value of the Dirichlet 
problem at z = e and, after computation of the effective ac- 



tion, scale e 



0. 



Intere sting novelty of our computation, 
as compared to the one in [34], is that we use Fourier trans- 
form of the Green function. Details of our computation may 
be found in AppendixjC] 



B. AdS/CFT correspondence for spin-1 field 

We now discuss AdS/ CFT correspondence for bulk mass- 
less spin-1 AdS field and boundary spin-1 shadow field. To 
this end we use CFT adapted gauge invariant Lagrangian and 
the modified Lorentz gauge condition lil2i, i32l 13311 (see Ap- 
pendix|Dll.i4 

In AdSd+i space, the massless spin-1 field is described by 
fields (t)°-{x,z) and (t){x^ z) which are the respective vector and 
scalar fields of the so{d) algebra. CFT adapted gauge invari- 
ant action and Lagrangian for these fields take the form. 



S = Id xdz C , 



(5.19) 



1 



1 



where we use the notation 

c = d^s" + r_ 



d-2 



d-A 



1^0 = 



(5.20) 

(5.21) 
(5.22) 



Discussion of AdS/CFT correspondence for spin-1 Maxwell field by us- 
ing the radial gauge may be found in |34]. 



and % is given in ( 15.6b . Lagrangian (15.20b is invariant under 
gauge transformations 



(5.23) 
(5.24) 



where ^ is a gauge transformation parameter 

Gauge invariant equations of motion obtained from La- 
grangian ( 15.201 ) take the form 



(5.25) 
(5.26) 



where the operator O^, and j/'s are given in ( 15.101 ) and 
( 15.22b respectively. We see that gauge invariant equa- 
tions ( 15. 251 ). ( 15. 261 ) are coupled. Using equations of motion 
(I5.25b .( l5.26l ) in bulk action ( 15.191 ). we obtain the following 
boundary effective action: 



SeS 



d'^xCeS 



1 



1 



(5.27) 



(5.28) 



Now we would like to demonstrate how use of the modified 
Lorentz gauge condition provides considerable simplification 
in solving the equations of motion and computing effective ac- 
tion (15. 27b . To this end we note that it is the quantity C given 
in ( 15 .21b that defines the modified Lorentz gauge condition. 



C = 0, 



modified Lorentz gauge . 



(5.29) 



Using this gauge condition in equations of motion 
(15.25b . (15. 26b gives simple gauge fixed equations of mo- 
tion, 



(5.30) 



(5.31) 



Thus, we see that the gauge fixed equations of motions are 
decoupled. Using modified Lorentz gauge ( 15.291 ) in ( 15.281 ). 
we obtain 



-off 



(5.32) 



i.e. we see that CcH is also simplified. 

In order to find ScS we should solve equations of mo- 
tion (15. 30b . ( 15. 3 lb with the Dirichlet problem corresponding 
to the boundary shadow field and plug the solution into 
(15. 27b . (15. 28b . We now discuss solution of equations of mo- 
tion (15. 30b . (15. 3 lb . Because equations of motion (15. 30b . (15. 3 lb 
are similar to the ones for scalar AdS field ( 15. 9b we can simply 
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apply result in Sec. IV Al This is to say that solution of equa- 
tions ( 15. 301 ). ( 15. 3 lb with the Dirichlet problem corresponding 
to the spin- 1 shadow field takes the form 



<fyG,,{x-y,z)cp:^{y), (5.33) 



x,z) = ai^^„ J d'^yG^^-,{x -y,z)(j)shiy) , (5.34) 
tTi,^i = 1 , (5.35) 
^ (5.36) 



where the Green function is given in (15.141 1. Note that coeffi- 
cient cTi ,y„ ( 15.361 1 is singular when d = 4. In addition to this 
singularity, there are other singularities when d is even integer 
(see Appendix|C|l. Therefore to keep the discussion from be- 
coming unwieldy here and below we restrict our attention to 
odd d. Note however that our results for the effective action 
are still valid for the case of even d. This is to say that we can 
simply use the dimensional regularization in the intermediate 
formulas and scale d to even integer in final expression for 
the effective action. Because massless higher-spin AdS fields 
theory is available for arbitrary dimension d (see Ref. jjTll ') the 
dimensional regularization seems to be promising method for 
the study of massless higher-spin fields effective action. 

Using asymptotic behavior of the Green function given 
in (15.161) . we find the asymptotic behavior of our solution 



(^"(x, z) z' 



>o z 



d-4 



-0sh(a;) 



(5.37) 
(5.38) 



From these expressions, we see that our solution has indeed 
asymptotic behavior corresponding to the spin-1 shadow field. 
Note that because the solution has non-integrable asymptotic 
behavior ( 15. 371 ). ( 15. 381 ). such solution is referred to as the non- 
normalizable solution in the literature. 

We now explain the choice of the normaUzation factors 
(^i,vi, (^i.vo in (I5.33l )-( l5.36l l. The choice of cri^v^ is a mat- 
ter of convention. Following commonly used convention, we 
set this coefficient to be equal to 1 . The remaining normaliza- 
tion factor (Ti^uo is then determined uniquely by requiring that 
the modified Lorentz gauge condition for the spin- 1 AdS field 
( 15.291 1 be amount to the differential constraint for the spin-1 
shadow field (see Table 1). With the choice made in ( 15.33b - 
(15.36b we find the relations 



d''yG,,(a;-y,z)9"4\(y), (5.39) 



d''yC{x-y,z)c^M. (5.40) 



From these relations and ( 15.211 ). we see that our choice of 
CTi.iyi, cri,uo ( 15. 351 ). ( 15. 361 ). allows us to match modified Lorentz 
gauge for the spin-1 AdS field ( 15.291 ) and differential con- 
straint for the spin-1 shadow field given in Table 1. 

All that remains to obtain S'off is to plug solution of the 
Dirichlet problem for AdS fields, ( |533] l,( l5J4l ) into ( |5^ , 
( 15. 32b . Using general formula given in ( 15. 18b , we obtain 



'S'cff = {d-2)cyj:, 



(5.41) 



(5.42) 



where T is gauge invariant two-point vertex of the spin-1 
shadow field given in (l3.1b ,( l3.2T i. 

Thus we see that imposing the modified Lorentz gauge on 
the massless spin-1 AdS field and computing the bulk action 
on the solution of equations of motion with the Dirichlet prob- 
lem corresponding to the boundary shadow field we obtain the 
gauge invariant two-point vertex of the spin-1 shadow field. 

Because in the literature S'cff is expressed in terms of two- 
point vertex taken in the Stueckelberg gauge frame, F'^'^"'^ 
( 13.5b . we use ( 13.4b and represent our result ( 15.411 ) as 



stand 



(5.43) 



This relation, by using the radial gauge for AdS fields, was 
obtained in Ref.134]. The normalization factor in r.h.s. of 
(15.43b was found in Ref. ll36ll . Note that we have obtained 
more general relation given in ( 15.41b . while relation ( 15.43b is 
obtained from (15.43b by using the Stueckelberg gauge frame. 
The fact that Scff is related to F''*'^"'^ is expected because of 
conformal symmetry. What is important for the systematical 
study of AdS /C FT correspondence is the computation of the 
normalization factor in front of F^'''"'^ (15.43b . 

As a side of remark we note that the modified Lorentz gauge 
and gauge-fixed equations have left-over on-shell gauge sym- 
metry. Namely, modified Lorentz gauge ( 15.291 ) and gauge- 
fixed equations ( 15.30b . (15.31b are invariant under gauge trans- 
formations given in (15.23b . (15.24b provided the gauge trans- 
formation parameter satisfies the equation 



Solution to this equation is given by 

^(x, z)= / d^'^yGuAx ~ y,z)^shiy) ■ 



(5.44) 



(5.45) 



Plugging this solution in (15. 23b . (15. 24b we represent the gauge 
transformations of 4>"'{x, z) and (l){x, z) as 



6r= / d'*2/G,,(x-y,z)a%h(y), 



(5.46) 



d-4 



d''yG,Jx-y,z)aCsh{y). (5.47) 
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Comparing (I5.46b . (l5.47b with (I5.33b .( l534] l. we see that the 
on-shell left-over gauge symmetries of solution of the Dirich- 
let problem for AdS spin-1 field amount to the gauge sym- 
metries of the spin-1 shadow field (see Table 1). It is this 
matching of the on-shell leftover gauge symmetries of solu- 
tions of the Dirichlet problem and the gauge symmetries of the 
shadow field that explains why the effective action coincides 
with the gauge invariant two-point vertex for the boundary 
shadow field. 

C. AdS/CFT correspondence for spin-2 field 

We now proceed with the discussion of AdS/CFT corre- 
spondence for bulk massless spin-2 AdS field and boundary 
spin-2 shadow field. To this end we use CFT adapted gauge 
invariant Lagrangian and modified de Bonder gauge condition 
for the massless spin-2 AdS field found in Ref. ll32ll .'^ We be- 
gin therefore with the presentation of our result in Ref. j32ll . 
Some helpful details of the derivation of the CFT adapted 
Lagrangian for the massless spin-2 AdS field may be found 
in Appendix iDl 

In AdSd+i space, the massless spin-2 field is described by 
fields z), (t)''{x, z), (j){x, z). The field is rank-2 ten- 

sor field of the so{d) algebra, while (/)° and (/) are the respec- 
tive vector and scalar fields of the so{d) algebra. The CFT 
adapted gauge invariant Lagrangian for these fields takes the 
form 132] 



aa 1 2 



iab\2 



laa |2 



1 



1 



2 2 
where % is defined in 

1 



and we use the notation 



ibb 



V2 + i 



c^ 



1 



(5.48) 



(5.49) 



(5.50) 



M= 2 



d d-2 

d- l\l/2 



^2=2' = — 



d~2 



d-A 

'^0 = ^^, (5.51) 



(5.52) 



Lagrangian (15.481 ) is invariant under the gauge transforma- 
tions 



= + d'C + j^V^'r.^.+ii , (5.53) 



(5.54) 
(5.55) 



where ^ are gauge transformation parameters. 

Gauge invariant equations of motion obtained from La- 
grangian ( 15.481 ) take the form 



n^^r'' - d^C^ - d''C^ - ^^r_,,+ i C = , (5.56) 



u%^_iC = 0, 



(5.57) 
(5.58) 



where O^, and i/'s are defined in ( 15.101 ) and ( 15.511 ) respectively. 
We see that the gauge invariant equations of motion are cou- 
pled. 

Using equations of motion ( I5.56I )-( I5.58I ) in bulk action 
( 15. 19b with Lagrangian (15.48b . we obtain boundary effective 
action ( 15.271 ) with C^s given by 



ibb 



1 1 y 



(5.59) 



Now we would like to demonstrate how use of the mod- 
ified de Bonder gauge condition provides considerable sim- 
plification in solving the equations of motion and computing 
effective action ( 15. 27b . To this end we note that it is the quan- 
tities C°, C given in ( |5.49b .( l530] i that define the modified de 
Bonder gauge condition, 

C = 0, C = modified de Bonder gauge . (5.60) 



Using this gauge condition in equations of motion ( 15. 56b - 
( 15. 58b gives the following surprisingly simple gauge fixed 
equations of motion: 



□.00 = 0. 



(5.61) 
(5.62) 
(5.63) 



Discussion of AdS / C FT correspondence for massless spin-2 field taken 
to be in the radial gauge may be found in 



Thus, we see that the gauge fixed equations of motions are 
decoupled. Using modified de Bonder gauge (15.601 ) in ( 15.591 ), 
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we obtain 



■off 



C"=0 



-A 



ibb 



(5.64) 



i.e. we see that £off is also simplified. 

In order to find ^cff we should solve equations of motion 
( I5.61| l-( l5763] l with the Dirichlet problem corresponding to the 
boundary shadow field and plug the solution into £off ■ To this 
end we discuss solution of equations of motion ( I5.61b - (l5.63l l. 
Because our equations of motion take decoupled form and 
similar to the equations of motion for the massive scalar AdS 
field we can apply the procedure described in Sec. IV Al Do- 
ing so, we obtain solution of equation (15.6 11 1 -( l5^63T l with the 
Dirichlet problem corresponding to the spin-2 shadow field, 



^2,1/2 



AG,,(x-y,z)0:iJ(y), (5.65) 



rix.z) = a2^., d''yG,,{x-y,z)4>ti,{y), (5.66) 



02,1/2 

02,i/i 
02,1/0 



d'^y {x - y, z)(l)sh{y) , (5.67) 
1 , (5.68) 
^ (5.69) 

(5.70) 



d-2' 
1 



(d-2)(rf-4) ' 

where the Green function Gi, is given in ( I5.14l i. while v's are 
defined in (15.511 1. Choice of normalization factor (12.1^2 (15.68b 
is a matter of convention. The remaining normalization fac- 
tors 02,1^1, 02,1^0 ( I5.69b .( l5l70] l are uniquely determined by re- 
quiring that modified de Donder gauge conditions (15.60b be 
amount to the differential constraints for the spin-2 shadow 
field (see Table 1). The derivation of the normalization factor 
as V for arbitrary spin-s AdS field may be found in Appendix 

m 

Using asymptotic behavior of the Green function given in 
Gv ( 15.16b . we find the asymptotic behavior of our solution 



</.«''(x,z) 



.->^2 + ij,ab/ 



(x,z) 



z -'Htix), 



z 



z 



d-2 

-1^0+ 



L 



(5.71) 
(5.72) 

(5.73) 



(d-2)(d-4) 

From these expressions, we see that our solution ( I5.65l )-( l5.67b 
has indeed asymptotic behavior corresponding to the spin-2 
shadow field. 



Finally, to obtain the effective action we plug solution of 
the Dirichlet problem for AdS fields, ( |5^ -( |5^ into (ESS, 
( 15.64b . Using general formula given in ( 15.18b . we obtain 



s 



cff 



dci/2 ' 



(5.74) 



(5.75) 



where F is gauge invariant two-point vertex of the spin-2 
shadow field given in ( 13. lb . (13. 19b . 

To summarize, using the modified de Donder gauge for the 
massless spin-2 AdS field and computing the bulk action on 
solution of equations of motion with the Dirichlet problem 
corresponding to the boundary shadow field we obtain the 
gauge invariant two-point vertex of the spin-2 shadow field. 

Because in the literature 5off is expressed in terms of two- 
point vertex taken in the Stueckelberg gauge frame, F|2''"'^ 
(13.25b . we use ( 13.241 ). (13.261 ) to represent our result (15.741 ) as 



_ d{d+l) t^„d 



(5.76) 



This relation, by using the radial gauge for AdS fields, was 
obtained in Ref.138]. Note that we have obtained more gen- 
eral relation given in ( 15.74b . while relation ( 15.76b is obtained 
from ( 15.74b by using the Stueckelberg gauge frame. The fact 
that S'cff is related to F*^'^""^ is expected because of the confor- 
mal symmetry. What is important for the systematical study 
of AdS/ GFT correspondence is the computation of the nor- 
malization factor in front of F'^''^"'^ ( 15.76b . We note that our 
normaUzation factor in ( 15.761 ) coincides with the one found in 
Ref.H. 



VI. ADS/CFT CORRESPONDENCE FOR ARBITRARY 
SPIN FIELD 

We proceed with the discussion of AdS /GFT correspon- 
dence for bulk massless arbitrary spin-s AdS field and bound- 
ary spin-s shadow field. To discuss the correspondence we use 
the GFT adapted gauge invariant Lagrangian and modified de 
Donder gauge condition for the massless arbitrary spin AdS 

field found in Ref. 13211 We begin therefore with the presen- 
I — I 

tation of our result in Ref.|32]'^. 



In light-cone gauge, AdS / C FT correspondence for arbitrary spin mass- 
less AdSd+i fields was studied in Ref.(12, 41]. Recent interesting appli- 
cations of the standard de Donder-Feynman gauge to the various problems 
of higher-spin fields may be found in Refs. 14344411 . We believe that our 
modified de Donder gauge will also be useful for better understanding of 
various aspects of AdS/QCD con'espondence which are discussed e.g. in 
|45]-|47]. 

Representation for the Lagrangian, which we use in this paper, is differ- 
ent from the one given in Ref.[34]. Namely, in this paper, we use CFT 
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In AdSd+i space, massless spin-s field is described by the 
following scalar, vector, and totally symmetric tensor fields of 
the so{d) algebra: 

(l)-'--^' , s' = 0,l,...,s. (6.1) 

The fields cA'^i - '^^' with s' > 4 are double-ti-aceless,'^ 



aabbar^ ...a 



s' = 4,5,. 



(6.2) 



In order to obtain the gauge invariant description in an 
easy-to-use form we use the oscillators and introduce a ket- 
vector defined by 



:(/)''l-'' = '|0}. 



(6.3) 



s'\^{s - s')\ 

From (I6.3l l. we see that the ket-vector is degree-s ho- 
mogeneous polynomial in the oscillators a", a^, while the 
ket-vector {(ps') is degree-s' homogeneous polynomial in 
the oscillators a'^. In terms of the ket-vector double- 
tracelessness constraint (I6.2l l takes the form 

(a2)2|0)^O. (6.4) 

The CFT adapted gauge invariant Lagrangian is given by 

c = l{^'^cj,\^J,\^^^) + ^{%_^^\^,\%_^<t>) 



where 71, is defined in (I5.6l l and we use the notation 

C = ad- -ada^ - ciW-'-^^ + -eia^ , 
2 2 



ei 



ei,i7^_ 1 , ei = 71 



-1 ei,i 



= —01 ei ei_i = —eia 

/ 2s + d - 4 - iV^ \ 1/2 



ei 



. 2s + d - 4 - 27V^ 
1 



u = 1 a^a^ , 

4 

1/ = s + — , 



(6.5) 

(6.6) 
(6.7) 
(6.8) 

(6.9) 
(6.10) 
(6.11) 



where II'^-^' is given in (12.71 ). Lagrangian ( 16.51 ) is invariant 
under the gauge transformation 



S\(j)) = {ad - e\ - a" 



1 



27V„ + d - 2 



ei)IO- (6-12) 



In terms of the so(d) algebra tensor fields, the ket-vector |^) 
is represented as 



s-l 



(6.13) 



s'=0 



where gauge transformation parameters are traceless. 

Gauge invariant equations of motion obtained from La- 
grangian ( |6.5l l take the form 



/xn,|,/))-CC|./)) = 0, 
where C is given by 



2 2 



(6.15) 



(6.16) 



Note that for the derivation of equations of motion ( 16.151 ) we 
use the relations C'^ — ~C and 



(6.17) 



Using equations of motion ( 16.15b in bulk action (15.19b with 
Lagrangian ( 16.5b . we obtain boundary effective action ( 15.27b 
with the following L^s'- 

C^K = \{(t}\^J'\%-^(t>) 

+ {{\^l^-\el^a^mCc^). (6.18) 

We now, as before, demonstrate how use of the modified de 
Donder gauge condition provides considerable simplification 
in solving equations of motion ( 16. 15b and computing effective 
action ( I5.27b '^. To this end we note that it is the operator 
C given in (16.6b that defines the modified de Donder gauge 
condition. 



adapted Lagrangian represented in terms of operator Ti, . This operator was 
introduced in Ref.[35]. 

In this paper, we adopt the formulation in terms of the double traceless 
gauge fields |481. Discussion of various formulations in terms of uncon- 
strained gauge fields may be found in Ii49ll - l53ll . For recent review, see 
(54I1 . Discussion of other formulations which seem to be most suitable for 
the theory of interacting fields may be found e.g. in Bill . 



C|(/)) = 0, modified de Donder gauge . (6.19) 



" Powerful methods of solving AdS field equations of motion based on star 
algebra products in auxiliary spinor variables are discussed in Refs.fs^ 
57]. One of interesting features of these methods is that they do not use 
any gauge conditions when solving the equations of motion. 
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Using this gauge condition in ( 16.151 1 gives the following sur- 
prisingly simple gauge fixed equations of motion: 



= 0. 



(6.20) 



where and i' are given in ( 15.101 ) and ( 16.1 11 1 respectively. 
Note that for the derivation of Eq.( |6.20t we use the fact that 
kernel of operator fi (I6.IOI 1 is trivial on space of the double- 
traceless ket-vectors. Thus, we see that the modified de Don- 
der gauge leads to the decoupled equations of motion. 

Accordingly, using the modified de Donder gauge in ( 16.18b 
leads to the simplified expression for Ccs, 

c|0)=o 2 



(6.21) 



In order to find S'off we should solve equations of motion 
(I6.2OI 1 with the Dirichlet problem corresponding to the bound- 
ary shadow field and plug the solution into Ccff- To this end 
we discuss solution of equations of motion ( 16.201 ). Solution of 
equation (16.20b with the Dirichlet problem corresponding to 
the boundary shadow field is given by 



d''yG,{x~y,z)\cbM), (6.22) 



d-4 



(6.23) 



(6.24) 



where the Green function and i/ are given in (15.141) and 
( 16.1 lb respectively. The derivation of normalization factor 
as, I, ( 16.23b may be found in Appendix|E] 

Using asymptotic behavior of the Green function given in 
Gi/ (15.161 ). we find the asymptotic behavior of our solution 



\<j>{x,z)) 



'/'sh(a;)) 



(6.25) 



From this expression, we see that our solution ( 16.221 ) has in- 
deed asymptotic behavior corresponding to the spin-s shadow 
field. Finally, plugging our solution ( 16.221 ) into ( 16.21b and us- 
ing general formula given in (15.18b . we obtain the effective 
action 



Sefi = (2s + rf-4)c,,r, 

r(s + d-2) 



7r'i/2r(i 



d-4 



(6.26) 



(6.27) 



where F stands for two-point gauge invariant vertex ( 14. lb of 
the spin-s shadow field. 

To summarize, imposing the modified de Donder gauge on 
the massless spin-s AdS field and computing the bulk action 
on solution of equations of motion with the Dirichlet prob- 
lem corresponding to the boundary shadow field we obtain the 
gauge invariant two-point vertex of the spin-s shadow field. 



Because in the literature S'off is expressed in terms of two- 
point vertex taken in the Stueckelberg gauge frame, F'^''^"'^ 
( 14.16b . we use ( 14.121 ) and represent our result ( 16.26b as 

(2. + d-3)(2g + d-4) 
~ ^ 2s\{s + d-Z) ■ ^^-^^^ 

For the particular values s ~ 1 and s = 2, our normalization 
factor in front of F^*^"'^ ( 16.281 ) coincides with the respective 
normalization factors given in ( 15.43b . ( 15. 761 ). Thus, our result 
agrees with the previously reported results for the particular 
values s = 1, 2 (see Refs.|3a 38, iS]) and gives the normal- 
ization factor for arbitrary values of s and c?.^" Knowledge of 
the normalization factor for arbitrary values of s is important 
for the systematical study of AdS /C FT correspondence be- 
cause higher-spin gauge field theories 1 37 , 5^ involve infinite 
tower of AdS fields with all values of s, s = 0, 1, . . . , 00. 

As a side of remark we note that the modified de Donder 
gauge and the gauge-fixed equations of motion have the on- 
shell left-over gauge symmetry. Namely, modified de Don- 
der gauge ( 16.191 ) and gauge-fixed equations of motion ( 16.201 ) 
are invariant under gauge transformation ( 16.121 ) provided the 
gauge transformation parameter satisfies the equation 



□.10 =0, 



(6.29) 



where and v are given in ( 15.101 ) and ( 16.111 ) respectively. 
Solution to Eq.( l6.29b is given by 



d'^yGu{x - y,2;)|Csh(y)) . 



(6.30) 



Plugging this solution in (16.12b we find the following expres- 
sion for the on-shell left-over gauge transformation of solution 
of the Dirichlet problem: 



5\4>) = o-^,. / d'^y G^{x ~ y, z)5\4>sh{y)) 



(6.31) 



where 5\(t>sh) is the gauge transformation of the spin-s shadow 
field (see Table 11). From (16.31b . we see that the on-shell left- 
over gauge symmetry of solution of the Dirichlet problem for 
spin-s AdS field amounts to the gauge symmetry of the spin- 
s shadow field (see Table II). It is matching of the on-shell 
leftover gauge symmetry of solution of the Dirichlet problem 
for AdS field and the gauge symmetry of the shadow field 
that explains why the effective action coincides with the gauge 
invariant two-point vertex for the boundary shadow field. 



For massless arbitrary spin AdS^ fields, the eifective actio n, by using ra- 
dial gauge, was studied in |'58]. Normalization factor in Ref. lSal disagrees 
with our result and results reported in Refs. f33 , [33.l4oll . 
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VII. CONFORMAL FIELDS 

The kernel of two-point vertex ( 14. Il l is not well-defined 
when d is even integer and v takes integer values (see e.g. 
ll60ll ). However this kernel can be regularized and after that it 
turns out that the leading logarithmic divergence of the two- 
point vertex F leads to Lagrangian of conformal fields. To 
explain what has just been said we note that the kernel of F 
can be regularized by using dimensional regularization. This 
is to say that using the dimensional regularization and denot- 
ing the integer part of d by [d] , we introduce the regularization 
parameter e as 



[d] 



-2e. 



[d] — even integer . 



(7.1) 



With this notation we have the following behavior of the reg- 
ularized expression for the kernel in ( 14. Il l: 



1 



.\2v+d 



£~0 1 

~ -e.n"(5(x) 



4''F(t/ + l)F(i/ - 



(7.2) 



(7.3) 



when 1/ is integer Note that, in view of ( 16.111 ), h' takes integer 
values when d is even integer. Using il.li in (13. Il l, (14. Il l, we 
obtain 

«~o 1 f J 
r ~ d'^x C, (7.4) 

where is defined in (|6.24| i and £ is a higher-derivative La- 
grangian for conformal spin-s field. We now discuss the La- 
grangian for spin s — 1,2 and arbitrary spin-s conformal 
fields in turn. 



A. Spin-1 conformal filed 

Using two-point vertex for spin-1 shadow field ( 13. 2t and 
adopting relation jl.lj to the case of s = 1, we obtain the fol- 
lowing gauge invariant Lagrangian for the spin- 1 conformal 
field: 



2" "2 
where we have made the identification 



k=^, (7.5) 



(7.6) 



Using this identification, we note that the differential con- 
straint for spin-1 shadow field (see Table I) implies the same 
differential constraint for 0" and </>, 



+ 6^0. 



Lagrangian (17.51 1 and constraint (I7.7l l are invariant under 
gauge transformations 



(7.8) 
(7.9) 



To check gauge invariance of the Lagrangian we use the no- 
tation C for the left hand side of (17.71 1 and note that gauge 
variation of Lagrangian (I7.5l l takes the form 



(7.10) 



i.e. we see that Lagrangian ( 17.5b is indeed invariant when C = 
0. 

Interrelation between our approach and standard ap- 
proach. Standard formulation of the spin-1 conformal field 
is obtained from our approach by solving the differential con- 
straint. This is to say that using differential constraint ( 17.71 1 
we express the scalar field in terms of the vector field. 



= -d^^r : 



(7.11) 



and plug (j) ( 17.1 11 1 in Lagrangian fl .5\ . By doing so, we obtain 
the standard Lagrangian for the spin- 1 conformal field, 

_]_pab^kpab ^ F<^b ^Q^^b _gb^a ^ j2) 

Light-cone gauge Lagrangian. We now consider light- 
cone gauge Lagrangian for the spin-1 conformal field. As 
usually, the light-cone gauge frame is achieved through the 
use of the light-cone gauge and differential constraints. Gauge 
transformations ( I7.8l ),( |7.9] l and differential constraint ( 17.71) of 
the spin-1 conformal field take the same form as the ones for 
spin-1 shadow field (see Table I). Therefore to discuss the 
light-cone gauge for the spin- 1 conformal field we can use re- 
sults obtained for the spin-1 shadow field in Sec. IIII A! This is 
to say that light-cone gauge and solution for differential con- 
straint for the spin-1 conformal field are obtained from the re- 
spective expressions ( 13.10b and ( 13.1 lb by using identification 
( 17.6b . Doing so, we are left with so{d — 2) algebra vector field 

and scalar field (j). These fields constitute the field content 
of the light-cone gauge frame. Note that, in contrast to the 
standard approach, the scalar field (p becomes an independent 
field D.o.F in the light-cone gauge frame. Making use of the 
light-cone gauge in gauge invariant Lagrangian (17.5b , we ob- 
tain the light-cone gauge Lagrangian 



2^ 



k = 



d-A 



(7.13) 



(7.7) 



B. Spin-2 conformal filed 

We proceed with the discussion of spin-2 conformal field. 
Using two-point vertex for the spin-2 shadow field ( 13. 19b and 
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adopting relation il.li to the case of s = 2, we obtain the 
gauge invariant Lagrangian for the spin-2 conformal field, 



ab^k+l j^ab _ ^aa i-^k+l j^bb 



8 ■ 



k=^, (7.14) 



where we have made the identification 



(7.15) 



Using this identification, we note that the differential con- 
straints for the spin-2 shadow field (see Table 1) imply the 
same differential constraints for the fields (j>°'^, (jf', and (j). 



db(j)^b _ ^ga^bb + 0a ^ Q ^ 



(i- l\l/2 



d-2 



(7.16) 
(7.17) 

(7.18) 



The Lagrangian and the constraints are invariant under the 
gauge transformations 



la oa 



(7.20) 
(7.21) 



Second, we plug 0", (j) ( 17.231 ). (17.241 1 in Lagrangian ( 17.141 ) and 
obtain the standard Lagrangian for the spin-2 conformal field, 

4 4(a — 1) 

+ .'!r'^., {dd(t))a''-\dd(j)), (7.25) 

(7.26) 



4(d-l) 

d-2 



k = 



a f^b lab 



(7.27) 



Lagrangian ( 17.251 ) is invariant under gauge transformation of 

As is well known, Lagrangian ( |7.25t can be represented in 
terms of the linearized Ricci tensor and Ricci scalar 



C = R-^b^k-l^ab 



Ra'^-^R, (7.28) 



4(d-l) 

or equivalently in terms of the Weyl tensor 



1 



^ ^abce^K— I ^abce ^ 



d-3 
d-2 



(7.29) 



For the derivation of relation ( 17.281 ). we use the following ex- 
pressions for the linearized Ricci tensor and Ricci scalar: 



R = {dd(j)) - □0°° 



(7.31) 



To demonstrate gauge invariance of the Lagrangian we use the 
notation C" and C for the respective left hand sides of ( |7.16t 
and ( 17.171 ) and find that gauge variation of Lagrangian (17.14b 
takes the form 



(7.22) 



i.e. we see that Lagrangian ( 17.141 ) is indeed invariant when 
C"^ = 0, C 0. 

Interrelation between our approach and standard ap- 
proach. Standard formulation of the spin-2 conformal field is 
obtained from our approach as follows. First, we use differen- 
tial constraints ( 17.161 ). ( 17.17b and express the vector field and 
scalar field in terms of the field 6°''', 



= -(d''d''(t)'"' - net)'"') . 

u 



(7.23) 
(7.24) 



while for the derivation of relation (17. 29b we use the fact that 
the Gauss-Bonnet combination taken at second order in the 
field 0"'' is a total derivative, 

j^abcej^abce _ ^Jiab j^ab _^ J^^ ^ q j-^p ^^^^j j^j.^^ ^ 

(7.32) 

Light-cone gauge Lagrangian. As before, the light-cone 
gauge frame is achieved through the use of light-cone gauge 
and differential constraints. Gauge transformations ( 17. 19b - 
( 17.21b and differential constraints ( l7.16b .( l7?T7] ) for the spin-2 
conformal field take the same form as the ones for the spin-2 
shadow field (see Table 1). Therefore to discuss the light-cone 
gauge for the spin-2 conformal field we can use results ob- 
tained for the spin-2 shadow field in Sec. 1111 B I This is to say 
that the light-cone gauge fixing and solution for differential 
constraints for the spin-2 conformal field are obtained from 
the respective expressions (13.28b and ( |3.29I )- (I3.32I ) by using 
identification ( 17.15b . Doing so, we are left with traceless ten- 
sor field 0*^, vector field 0' and scalar field (psi^. These fields 
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constitute the field content of the light-cone gauge frame. 
Note that, in contrast to the standard approach, the vector field 
0' and scalar field (p become independent field D.o.F in the 
light-cone gauge frame. Making use of the light-cone gauge 
in gauge invariant Lagrangian (17.141 1. we obtain the light-cone 
gauge Lagrangian for the spin-2 conformal field, 

Z:'-'^- = i0*^'n'=+V^' + + ^^□''^"V, (7-33) 

where k = 

C. Arbitrary spin-s conformal filed 



To demonstrate gauge invariance of Lagrangian ( 17.34b we 
find that variation of the Lagrangian under gauge transforma- 
tion (17.44b takes the form 

5C^-{^\D-C\cb), (7.45) 

i.e. we see that C is indeed gauge invariant provided the ket- 
vector 10) satisfies differential constraint ( 17. 38b . 

To illustrate the structure of the Lagrangian we note that, in 
terms of tensor fields (p"-^---"-'' defined as 



We now discuss arbitrary spin-s conformal field. Using 
two-point vertex for spin-s shadow field ( 14.1b and relation 
(17.2b . we obtain the Lagrangian for the spin-s conformal field. 



c=-{<t>\^JiU'^\ 



-^2-2 

u = 1 a a , 

4 

u = s + — , 



where we have made the identification 

10) = I0sh) . 



(7.34) 
(7.35) 
(7.36) 

(7.37) 



Using this identification, we note that the differential con- 
straint for the spin-s shadow field (see Table II) implies the 
same differential constraint for the ket- vector 16), 



C± — ad ada^ 

2 



n 



[1,2] 



1 



2{2Na, + d) 
ei = a^ei , ei = —eia^ , 
/ 2s + rf - 4 - TV;, \ 1/2 



ei 



.2s + d- 4:~2N, 



(7.38) 
(7.39) 

(7.40) 

(7.41) 
(7.42) 
(7.43) 



Lagrangian ( 17.34b and constraint (17.38b are invaiiant under the 
gauge transformation 



(5|(/)) — {ad - eiO — 



1 



2Na + d~2 



h)\0, (7.44) 



where ket-vector |^) takes the same form as the ket-vector 
l^sh) given in ( 12.34b . 



s'=0 

. ..a""' 



s'!^(s - s')! 



='|0), (7.46) 



Lagrangian (17.341) takes the form 



(7.47) 



}_Uai...a^,^i'^,^a^...a^, 

s'l V 



2s 

J (a' _ 1 

, d~4 



(7.48) 
(7.49) 



Stueckelberg gauge frame. Standard formulation of the 
conformal field is obtained from our approach by using the 
Stueckelberg gauge frame. Therefore to illustrate our ap- 
proach, we now present Stueckelberg gauge fixed Lagrangian 
of the spin-s conformal field. The Stueckelberg gauge frame 
is achieved through the use of the Stueckelberg gauge and dif- 
ferential constraints. Gauge transformation (17.44b and differ- 
ential constraint (17.38b for the spin-s conformal field take the 
same form as the ones for the spin-s shadow field (see Table 
II). Therefore to discuss the Stueckelberg gauge frame for the 
spin-s conformal field we can use results obtained for the spin- 
s shadow field in Sec. |IV] This is to say that, by imposing the 
Stueckelberg gauge, solution to differential constraint for the 
spin-s conformal field is obtained from ( |4.9l )-( l4.11b by using 
identification ( 17.37b and \(j>sh,s') = \4's'), s' — 0,1,..., s. 
After that, plugging \(f>) in ( 17.341 ) we obtain the Stueckelberg 
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gauge frame Lagrangian,^' 

2 {s~s')\{s + s' + d-3)s-s' 

s'—O 

X {{adY-''cj),\a'^^'\{adr-''^s), (7.50) 

where i/g' is defined in ( |7.49l l and we use the notation (p)g to 
indicate the Pochhammer symbol, {p)q = ^-y^^- To illus- 
trate the structure of Lagrangian ( 17.501 ) we note that, in terms 
of tensor fields defined in ( 17.461 ). Lagrangian ( |7.50t 

takes the form 

2 ^s'l{s-s')l{s + s' + d-3)s-s' 

S—0 

X (a^-«'0)''i-'^.'n''a'(a^-«'0)'«i-'i.' ^ (7.51) 

=0''^ _ gb^_^,^b,...b^_^,a,...a^, ^ (7 52) 

For the readers convenience, we write down leading terms in 
Lagrangian ( 17.511 ). 

2s! 

2(s - 1)! 

1 2s + d - 6 
^ 4(s-2)!2s + (i-5 

Light-cone gauge Lagrangian. The light-cone gauge 
frame is achieved through the use of the light-cone gauge and 
differential constraints. Because the gauge transformation and 
differential constraint of the spin-s conformal field take the 
same form as the ones for the spin-s shadow field we can use 
the results obtained for the spin-s shadow field. This is to say 
that the light-cone gauge condition and solution for the dif- 
ferential constraint for the spin-s conformal field are obtained 
from the respective expressions ( 14.18b and ( |4.19l l, (14.201 ) by 
using identification ( 17.371 ). Doing so, we are left with traceless 
so(d— 2) algebra fields 0*i ■ s' = 0, 1, . . . , s. These fields 
constitute the field content of light-cone gauge frame. Note 
that, in contrast to the standard approach, the fields 



In the Stueckelberg gauge frame, Lagrangian of the arbitrary spin con- 
formal field for d = 4 and o! > 4 was discussed in Ref.(4] and Ref.(^ 
respectively. Our expression j7.501 provides the exphcit representation for 
Lagrangian of the conformal arbitrary spin field. Note that Lagrangian in 
0,01 and the one given in 17.50) involve the higher derivatives. Discussion 
of ordinary-derivative Lagrangian of the conformal arbitrary spin field may 
be found in ||20il. 



with s' = 0, 1, . . . , s — 1, become independent field D.o.F 
in the light-cone gauge frame. Making use of the light-cone 
gauge in gauge invariant Lagrangian ( 17.341 ). we obtain the 
light-cone gauge Lagrangian for the spin-s conformal field 

/:i- = i(/-|nn0'-^-). (7.54) 

To illustrate structure of the light-cone gauge Lagrangian we 
note that, in terms of the tensor fields - Lagrangian 
(17.541 ) takes the form 

s'=0 

where i^s' is given in ( 17.491 ). 

Vm. CONCLUSIONS 

In this paper, we have further developed the gauge in- 
variant Stueckelberg approach to CFT initiated in Ref.|[ll. 
The Stueckelberg approach turned out to be efficient for the 
study of massive fields and therefore we believe that this ap- 
proach might also be useful for the study of CFT. In this 
paper, we studied the two-point gauge invariant vertices of 
the shadow fields and applied our approach to the discus- 
sion of AdS/CFT correspondence. In our opinion, use of 
the Stueckelberg approach to conformal currents and shadow 
fields turns out to be efficient for the study of AdS/CFT 
correspondence and therefore this approach seems to be very 
promising. The results obtained should have a number of the 
following interesting appUcations and generahzations. 

(i) In this paper we considered the gauge invariant ap- 
proach for the conformal currents and shadow fields which, 
in the framework of AdS/CFT correspondence, are related 
to the respective normalizable and non-normalizable solutions 
of massless AdS fields. It would be interesting to generalize 
our approach to the case of anomalous conformal currents and 
shadow fields. In the framework of AdS/CFT correspon- 
dence, the anomalous conformal currents and shadow fields 
are related to solution of equations of motion for massive AdS 
fields. Therefore such generalization might be interesting for 
the study of AdS/ CFT duality between string massive states 
and the boundary conformal currents and shadow fields. 

(ii) We studied the bosonic conformal currents and shadow 
fields. Generalization of our approach to the case of fermionic 
conformal currents and shadow fields will make it possible to 
involve the supersymmetry and apply our approach to the type 
IIB supergravity in AdS^, x S^ background and then to the 
string in this background; 

(iii) This paper was devoted to the study of the two-point 
gauge invariant vertices. Generalization of our approach to 
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the case of 3-point and 4-point gauge invariant vertices will 
give us the possibility to the study of various applications of 
our approach along the lines of Refs. ll6lll62ll 

(iv) In recent years, mixed symmetry fields have attracted a 
considerable interest (see e.g. Refs. ll63ll - ll68ll ). We think that 
generalization of our approach to the case of mixed symme- 
try conformal currents and shadow fields might be useful for 
the study of AdS/CFT correspondence because the mixed 
symmetry fields appear in string theory and higher-spin gauge 
fields theory. 

(v) In this paper, we have discussed AdS/CFT correspon- 
dence between the massless arbitrary spin AdS fields and the 
boundary shadow fields. By now it is known that to construct 
self-consistent interaction of massless higher spin fields it is 
necessary to introduce, among other things, a infinite chain 
of massless AdS fields which consists of every spin just once 



1137 



59ll . This implies that to maintain AdS/CFT correspon- 
dence for such interaction equations of motion we should also 
introduce an infinite chain of the boundary shadow fields. We 
have demonstrated that use of the modified de Bonder gauge 
provides considerably simplifications in the analysis of free 
equations of motion of AdS fields. In this respect it would be 
interesting to apply the modified de Donder gauge to the study 
of the consistent equations for interacting gauge fields of all 
spins llisill and extend the analysis of this paper to the case 
of infinite chain of interacting massless fields and the corre- 
sponding boundary shadow fields. 
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Appendix A: Derivation of two-point vertex 

In this Appendix, we demonstrate that two-point vertex 
(14. Il l is uniquely determined by requiring the vertex to be in- 
variant under the shadow field gauge symmetries, Poincare 
algebra symmetries, and dilatation symmetry. We proceed in 
the following way. 

i). Taking into account double-tracelessness constraint, 
the shadow field differential constraint, and Poincare algebra 
symmetries, we note that the general form of two-point vertex 



is given by 

r = / d'^xid'^X2T 



12 : 



ri2 = \{c^l\Hi2\(l>2) . 



(Al) 

(A2) 
(A3) 



hi = hi{\xi2\,N,), (A4) 
/i2 = /i2(|2:i2|,aa:i2,a^,a^) , (A5) 

ha ^ h3{\xi2\,axi2,a^,a'') , (A6) 

/i4 = h4{\xi2\,axi2,axi2,a^' ,a^) , (A7) 

where Nz = a^a^ , olx\2 = a^x^j olx\2 = a°x°2 and we 
use the shortcuts {4>\ \ and \<^2) for the respective ket- vectors 
(0sh(a;i)| and |0sh(2^2))- All that is required is to find the 
functions ha, a = 1, 2, 3, 4. To this end we note that variation 
of ri2 under gauge transformation 



^|(/)sh) = a<9|^sh) + . . . 
takes the form (up to total derivative) 



(A8) 



^ri2 = -{(\)i\hxc?ad\i2) + {<l>i\h2C?ad\^2) 



(0i|/i3a5|6) +2(0i|/i4a^a9|e2) 



(A9) 



where dots in (IA8l l and ( IA9b stand for the contributions that 
are independent of the derivative 9° and we use the shortcut 
1^2) for ket-vector |Csh(a;2))- Note that to derive ( IA9I ) we use 
the differential constraint for the shadow field |0sh) (see Table 
11), 



C'i|0,h) + ... = O, 



(AlO) 



where dots stand for contributions that are independent of the 
derivative 9". From ( |A9t , we see that requiring the variation 
i5ri2 to vanish gives constraints 



-—a a hi , /i2 = /13 = . 



Plugging ( lAUb in ( IA3I ) we obtain 
iJl2 = /x/li 



(All) 



(A12) 



where is given in ( I4.2l l. We now note that requiring invari- 
ance of the vertex under shadow field dilatation symmetry (see 
Table II) we are led to the following solution \ah\. 



P = \X12\ 



'(2i/+d 



(A13) 



where depends only on the operator N^. Taking into ac- 
count ( 16. ni l we consider f^, as function of i^. Thus, restric- 
tions imposed by Poincare symmetries, dilatation symmetry 
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and some restrictions imposed by gauge symmetries lead to 
the following expression for H12: 



H12 = iJ-fuP ■ 



(A14) 



ii) We now consider all restrictions on imposed by gauge 
symmetries. In other words, taking into account the gauge 
transformation of the shadow field, 



5\(t>sh) = Gsh|4h) , 
Gsh = ad ~ eish^ - 



1 



2Na + d-2 



(A15) 



eish, (A16) 



we consider restrictions imposed on fi, by equation (up to to- 
tal derivative) 



(GshCl|M/i^/O|02) = 0. 



(A17) 



To this end we note the following helpful relation (up to total 
derivative): 

-{Gsh^l\fJ'Up\<l>2) 

= {^i\Ci_ ~ eishD + geisha') /.p|02) • (MS) 

Using differential constraint for the shadow field (see Table 
II), we transform C^-term in ( IAI8I 1 as 

{ii\c±Up\h) = (eil/.p(?±l02) 

= (6l/i^p(eish - ^eishtt^n) 102) 

= {^i\Upeish\4'2) 

(u + l)i2u + d)U -2 



\X12 



eishal02). (A19) 



The ei sh- and ei sh-terms in (IA18I ) can be transformed as 

= -{^i\.U-ip2iyi2iy + d ^ 2)eisM 



(A20) 



Taking into account ( |A19l ).( IA20l i we see that requiring the 
contribution of ei sh-terms in ( IA18I) to vanish we find the fol- 
lowing equation for /^: 



2v{2v + d-2) . 



(A21) 



Using ( |A19t .( |A20l ). we see that that requiring the contribution 
of ei sh-terms in dAlSb to vanish also leads to ( IA21b . Thus, 
equations ( IA21b amount to requiring that gauge variation of 
two-point vertex vanishes ( IA17I ). Solution to Eq. ( IA21I ) with 
initial condition /^^ = 1 is given in ( 14.3b . 



Appendix B: Invariance of two-point vertex under conformal 
boost transformations 

We now demonstrate invariance of the shadow field two- 
point vertex (14.1b under conformal boost transformations (if 
transformations). We start with expression for two-point ver- 
tex (lAlb with given by 



ri2 = 2 ^"^11^12102) 



H12 = fj-f^^p , 



(Bl) 



where fi, and p are defined in ( 14.2b . ( 14.31 ) and ( IA13b re- 
spectively. In (IB lb . we use the shortcuts {(pi \ and \ip2) for the 
respective shadow field ket-vectors {(j>sh{xi)\ and \(t)sh{x2))- 
We proceed in the following way. 

i) Before analyzing restrictions imposed on the two-point 
vertex by the conformal boost symmetries we find explicit 
form of the restrictions imposed on the two-point vertex by the 
Poincare algebra and dilatation symmetries. Invariance with 
respect to the Poincare translations implies that H12 depends 
on = x1 — Requiring the vertex F to be invariant 
under dilatation and Lorentz algebra symmetries 

5dT = Q, 5j..T = , (B2) 

amounts to the following respective equations for H12: 

K2d:^, + 2rf - Ash)-ffi2 - i?i2Ash = , (B3) 



lab — a c\b _ b aa 
'12 — -''12'^£Ci2 '''12'^a;i2 ' 



2 - s + TV, 



(B4) 

(B5) 
(B6) 



where Af"'' is given in ( 12.20b . It easy to see that H12 given in 
(lAl4l) satisfies Eqs.(|B3l), ( lB4b . 

ii) We now prove invariance of T under the A'" transfor- 
mations. To this end we analyze variation of the T under the 
A'" transformations. Taking into account ( 12. 16b . we see that 
variation of F can be represented as 



(B7) 



Taking into account Eqs.( IB3l ).( IB4b . one can make sure that the 
variation of F12 under A'^ J^J transformations takes the form 
(up to total derivative) 



ri2 = l{<Pi\{l\xi2\P^,,,-Ar''x'i2)H,2 

+ ia;?2[Ash,iii2])|</'2), (B8) 

(B9) 
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Using the notation R^^i for the shadow field operator i?" given 
in Table II, it is easy to see that variation of the vertex F under 
action of the operator i?" is given by 

dR.r = j d''xid''x2{RMHi2\4>2)- (BIO) 



We note that relations ( |B8b and (IBlOt are valid for arbitrary 
Hi2 which satisfies Eqs.( |B3t . (IB4b . Making use of expression 
for Hi2 in (IB 11 1, it is easy to see that requiring the vertex F to 
be invariant under A'" transformations. 



(BID 



amounts to the following equation (up to total derivative): 



-(0i|M'^''a;j2-ffi2|02) + {K,MHi2\c^2) - 0. (B12) 



Note that for the derivation of this equation we use the rela- 
tions [V^, \xW = and [i/i2, A,h] = 0. 

Thus, all that remains to be done is to prove Eq.( IB12b with 
Hi2 given in ( IBll ). To this end we note the relations 



XI2H12 



2v + d-2 



dl,,{\xi2VHi2), (B13) 



term can be transformed as (up to total derivative) 

+ {C14)i I (^2eish/i//0 + fupeisha^^ \4>2) 

= ((-2a"+2«'^a2)ei,h0i|ifi2|02), (B18) 

where the operator Ccm is given in Table II. Also, note that 
we use the differential constraint Csh\<l>sh) = 0. The eish- 
and ei sh- terms in ( IB17I ) can be transformed as 



(eishna"</'i|fi^-P^|<^2) 
2i/ + d — 2 

= -{2iyeisha''(f>i\Hi2\(f>2) 



/7a- J. I \xi2\'^Hi2 I , 



(B19) 



2iy + d - 2 ' 
(2(i. + l)ei3ha>2|ifi2|</'i). (B20) 



Plugging jBTSl ). ( |BT9] | and ( |B20l ) in (BTT) and taking into ac- 
count R^Yi given in Table II we make sure that relation (IB12I) 
holds true. 



a"Csh-ei,hn«"+/"ei,h, (B14) 
1 



2Na + d-2 



a , 



Ca -a ^ ^ a —2 
^ = a — —a a , 



(B15) 



(B16) 



where i' and Gsh are given in (14.41 ) and (IA16b respectively, 
while Csh, sish, eish are given in Table II. Using ( IB13I) . 
(IB14I I. the constraint Csh\4>sh) = 0, and the relation M"-''^ = 
— M"'', we obtain (up to total derivative) 



6i|Ar''x?2i/l2|02) 



(7 



1 



M''''d',^q^l\\xi2\''Hi2m 



'2v + d-2 



X:^ — ^l</'2) 



(B17) 



■ 2i/ + d - 2 ' 

We now consider expressions appearing in dBlTI l in turn. Gsh- 



Appendix C: Derivation of effective action 

We now discuss details of the derivation of effective action 
dS.lSl l. We are going to prove the following relations: 



d''xd,{x,z)d,<i,{x,z) 5^ ^fd''x,d''x2 . "^^.t+rf , 

Ci/J 1^12 1 

(CD 



d x-(j){x, z)(l}{x, z) 



.0 27? 



''■jd'^Xld'^X2- 



X12 



2y+d ' 



(C2) 
(C3) 



where z) is solution of the Dirichlet problem given in 
(15.131 1 and we use the shortcuts and 02 for the respective 
boundary shadow fields (t>sh{xi) and (t>sh{x2)- The |a;i2| is 
given in ( 13.31 ). Taking into account expressions for the effec- 
tive action given in ( 15.111 ). ( 15.121 ) it is easy to see that relations 
dCTT ). ( IC2b do indeed lead to effective action ( 15.18b . Note that 
in rh.s. of ( IClb .( IC2b we keep, as usually, only non-local con- 
tributions. 
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We now prove relations (IClb . (IC2l l. To this end we use 
expression for solution (f>{x, z) in ( 15.131 ) to find the relations 



dfix (j){x, z)dz4>{xj z) 

= 2^((z.+ i)Xi-(2z/ + d)X2), (C4) 



df'x —(f>{x, z)(f>{x, z) = c^Xi 



where we use the notation 



Xi = d'^Xid'^X2d'^X3(j)i(f>2- 



X2 = d xid X2d xz(j)i(j)2 —i TT— r ' 

il3 J23 



(C5) 



(C6) 



(C7) 



Using the Fourier transform of the kernels in ( IC6I ). ( IC7I ) 

-^Lo^[d'^ke'^-'=k''K^{kz), (C9) 



{z^ + \x\^Y+'^ 

uj-^ =n'^'^2''+'^-^T{v+'^), (CIO) 

where K^, is the modified Bessel, and integrating over X3, we 
cast Xi and X2 into the form 

Xi = {2T:Yjd'^xid'^X2d'^k<j)i(l)2e'^-''^^ 

xujie''{KAkz)f, (Cll) 

X2 = {2'Kfjd'^xid'^X2d'^k<j)i(j)2e'^-''^^ 

X w^w^+izfc2''+iX^(A:z)X^+i(fcz) . (C12) 

We now consider the asymptotic behavior, as z — > 0, of Xi 
and X2- As usually, we are interested in non-local contribu- 
tions to (ICl 1I ).( IC12I ). To this end we use the definition of if^. 



K,{z) = 



2 sm'Ki' 



(/_.(z)-/.(z)). 



1 



fc=0 



k\V{k + v + l) \2 



2\ v+2k 



to obtain the following well-known formula: 

.0 2''-^T{v) , {kzYT{-u) 



K,{kz) 



[kzY 



(CI 3) 
(C14) 

(C15) 



where dots stand for the terms which are not relevant for the 
analysis of non-local contributions to dCl ll ).( ICT2b . Making 



use of ( IC15b . we obtain 



Xi ^ {2nY d'^xid'^X2d'^k(j)i(j)2k^''e 



X -c.2r(z.)r(-i.) 
2 f,d id M2 

— — Id xid X2 



2u ik-x\2 



\Xl2 



2u+d 



(C16) 



X2 ^ {2nY d'^xid'^X2d'^k(j)i<j)2k"'e 



X -uj^uj^+ir{-i^)r{i' + 1) 



t fd''x,d^X2 

z.{2u + d)]'' ''''' ^^\x,2?-+'' 



2v ik-x\2 



(C17) 



For the derivation of relations ( IC16l ),( ICT7b . we use the formu- 
las 



02v+d d/2Y(y I d\ 



+d 



UJ„+1 1 



0},^ 2i> + d 



(CI 8) 



(C19) 



where ( IC19l l is simply obtained by using (ICIOI ). Making use 
of ( IC16l l,( IC17b in (IC4b.(IC5]l. we arrive at desired relations 



Appendix D: CFT adapted Lagrangian for massless spin-1 and 
spin-2 fields in AdSd+i 

In this Appendix, we explain some details of the derivation 
of the CFT adapted gauge invariant Lagrangian for massless 
spin-1 and spin-2 fields given in ( 15.201 ) and ( 15.481 ). Presen- 
tation in this Appendix is given by using Lorentzian signa- 
ture. Euclidean signature Lagrangian in Sec. |V] is obtained 
from the Lorentzian signature Lagrangian by simple substitu- 
tion 

Spin-1 massless field. We use field carrying flat 
Lorentz algebra so{d, 1) vector indices A.B ~ 0,1, . . . , d — 
1, d. The field is related with field carrying the base 
manifold indices /i = 0, 1, . . . , d, in a standard way 



ej^$'^, where is vielbein of AdSd+i space. For 
the Poincare parametrization of AdSd+i space (15.1b . vielbein 

e-^ = e^dx'' 
are given by 



e-'^ = e^dx^ and Lorentz connection, de^ + uj^^ A = 0, 
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where is Kronecker delta symbol. We use a co variant 
derivative with the flat indices T>^, 



Va = e^XD^ , = tj^^Vb , (D2) 

where is inverse of AdS vielbein, e^e'^ — Sg and rj^^ 



is flat metric tensor. With choice made in iPli , the covariant 
derivative takes the form 



pA^« = + _ ^^^^^ , = zd"" , (D3) 

where we adopt the following conventions for the derivatives 
and coordinates: = ij^^ds, dA = d/dx^, = S'^x^, 

ry*-^^ rjtOj rv*^ 

In arbitrary parametrization of AdS, Lagrangian of the 
massless spin-1 field takes the standard form 



where e = det e^. Using the notation 



(D4) 



(D5) 



we note that it is the relation Cat = that defines the standard 
Lorentz gauge. Lagrangian (ID4b can be represented as 

e-'C = ^^^{V^ + d)<S>^ + ^Cl. (D6) 

We now use the Poincare parametrization of AdS and intro- 
duce the following quantity: 



(D7) 



We note that it is the relation C = that defines the modified 
Lorentz gauge. Using the relations (up to total derivative) 

+ 4$^C + (d-7)$^$^) , (D8) 

(D9) 

^oA.s ^ z\a + d^,) + {1 ~ d)zd, , (DIO) 
we represent Lagrangian ( ID6l l and C ( ID7I ) as 



c = a-^*-^ + (2 - 



(DID 
(D12) 



In terms of so{d —1,1) tensorial components of the field $^ 
given by Lagrangian ( IDl II ) takes the form 

+ i$"(noAdS + 2d-4)$^ + ic2, (D13) 

C = zd"^" + zT2-d'^^ ■ (D14) 
Introducing the canonically normalized field (j)"^. 



$^ = z~ 



(D15) 



and using the identification (f)^ — (f) we make sure that La- 
grangian ( ID13I ) takes the form 

c^^ra.,r + l^Ouoci^+lc\ (D16) 



where D^, C, and j/'s are defined in ( 15.101 ), ( I5.21l i. and ( 15.221 ) 
respectively. Note that C = z^'^+^^/^C. Finally, taking into 
account expression for operator ( 15.101 ) and relation ( 16.171 ). 
we see that Lagrangian ( ID16I ) is equal, up to total derivative 
and overall sign, to the one given in ( 15.201 ). 

Lagrangian (ID4b is invariant under the gauge transforma- 
tions (5$"* = d^E. Making the rescaling S — z^''^'''/^^, we 
check that these gauge transformations lead to the ones given 
in K23\> . KtM . 

Spin-2 massless field. We use a tensor field with flat 
indices. This field is related with the tensor field carrying the 
base manifold indices in a standard way = e^e^^'^'^. 
In arbitrary parametrization of AdS, Lagrangian of massless 
spin-2 field takes the standard form 

e-l£ ^ ^^AB^p^^^^AB ^^^AB^AB 



d-2 



(D17) 



$ = $^-4 ^ (2?$)A ^ j)B^AB (pjg-) 

Using the notation 



^A ^ -j^B^AB _ ^j^A^ 



(D19) 



we note that it is the relation — that defines the standard 
de Bonder gauge condition. Using C^, Lagrangian ( ID17l i can 
be represented as 

4 ^ ' 
- i$(p2_2d + 4)$ + ic,^C3^. (D20) 
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We now use the Poincare parametrization of AdS, introduce 
the notation 



= eft + 2$^^ - S^<^ , 



(D21) 



and note that it is the relation C'^ = that defines the mod- 
ified de Donder gauge condition. Using the relations (up to 
total derivative) 

2 4 



(D22) 



2 ' 

we represent Lagrangian (ID20I ) and C'^ as 

2 2 



(D23) 



(D24) 



^ 9^$^^ - -9-4$ + (1 - d)$^'4 , (D25) 



where O^^^^ is given in (IDlOl l. In terms of canonically nor- 
malized fields $'4^, defined by 



Lagrangian ( ID24l l takes the form 

4 ' 8 ' 

2z^ 2 2 



(D26) 



^ 5''$'''' - -9"$ + r (D28) 

2 2 

= 9''$^'^ - ir<i-i$ + r (D29) 

2 2 2 



where and v's are defined in ( 15.10b and (15.511 1 respectively. 
We note the relation = z('^+i)/2C^. 

Introducing new fields 0", cj) by the relations 

u 



b j,ab 



U 



d-l 



(D30) 

(D31) 
(D32) 



where u is given in ( 15.521 ). we represent Lagrangian ( ID27l l as 



1 , 1 



abr, ^ab ^^aa^^^^bb ^ ^^a^^^^a 

o 2 



(D33) 



where and C are defined in ( |5.49l ).( l5.50b . We note the 
relations — C°, C — C^. Taking into account ( 16.17b . we 
see that Lagrangian ( ID33b is equal, up to total derivative and 
overall sign, to the one given in (15.48b . 

Lagrangian ( ID17I ) is invariant under gauge transformations 



^^AB ^jyA^B ^jyB^A 



(D34) 



Introducing gauge transformation parameter by the rela- 
tion — z(''~3)/2^A^ ^jjj making the identification for the 
so{d — 1, 1) algebra scalar mode ^ = we check that gauge 
transformations ( ID34I ) lead to the ones given in ( I5.53l )-( l535] l. 



Appendix E: Derivation of normalization factor as,v 

In this Appendix, we outline the derivation of the normal- 
ization factor as. I, given in ( |6.22| ),( l6723] l. To this end we note 
that ( 16.221 ) can be represented as 

\^ix,z)) = fd^yp^Fix-yMM), (El) 



F{x) 



(z2 + \x\'^Y+^- 



(E2) 



where depends on operator v (16.111 ). Comparing (lEll) and 
( 16.22b . we see that and (Js,i' are related as 



Pv — ^S.V^V ; 



(E3) 



where is defined in ( 15.151 ). i.e. we see that if we find py 
then we fix the coefficient Os^^. 

The coefficient is uniquely determined by the following 
two requirements: 

i) Modified de Donder gauge condition for AdS field |0) 
( 16.19b should lead to the differential constraint for the shadow 
field It/ish) (see Table II). 

ii) For V — Vs (see ( 14.51 )). the pi,^ is normalized to be 



(E4) 



where Cy^ is given in ( 16.271 ). 

We note that the choice of normaUzation condition (IE4b is 
a matter of convenience. This condition implies that solution 
( lElb leads to the following asymptotic behavior for the lead- 
ing rank-s tensor field ^^i -^s (see ( 16.3b ): 



(E5) 
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where <j>g^"'°'° is the leading rank-s tensor field in \<j)sh) (see 

(EIB). 

We now analyze restrictions imposed by the first require- 
ment. To this end we note the relation 

C\cb{x,z)) = Jd''yp,Fix-y)W\(bsi,{y)), (E6) 
W = C± 



rei.sha C 



2p^(2i/ + d) 
{2u + d- 2)ei,shn'^'^' , (E7) 



where C is modified de Donder operator ( 16.61 ). Matching of 
modified de Donder gauge condition for AdS field |0) and 
the differential constraint for the shadow field |0sh) implies 
the relation 



C\cj,{x,z)) = d%p,F{x~y)C,^\^M) 



(E8) 

Comparison of (IE6b and (IE8b gives the equation 

C,^ = W. (E9) 

Comparing Csh given in Table II and W given in ( |E7| l we see 
that Eq.( |E9l l amounts to the following equation for p^: 



Pi,^x{2v + d-2) = -pi, . 
Solution to this equation is given by 



p, = {-2rT{y + -)p„ , 



where p^ does not depend on v. Requiring normalization con- 
dition ( |E4| ). we find 



Po = 



(-2^r(i., + f) 



(E12) 



Plugging this po in (lEl II) we get 



2— r(z/, + 1) 



(E13) 



Taking into account ( IE3l l. ( IE13b and Ci, (15.151) . we obtain so- 
lution for I, given in ( 16.23b . 

For the readers convenience, we note the formulas which 
are helpful for the derivation of relation ( IE6b . 

ei\(j){x,z)) = - d'^yFix - y) I'"^^ , eish^<l)sh{y)) , 
J 2v + d 

(E14) 

ei\^{x,z)) = -jd<'yF{x-y) 

xp^_i(2t/ + d-2)eish|(/>sh(2/)), (E15) 



-□F(a;)ei,sh , 



^ ^ 2i/ + d 
eiF{x) = -F(x)(2iy + d - 2)ei,sh . 



(E16) 
(E17) 



(ElO) where the operators ei and ei are defined in (16.7b . 



(Ell) 
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